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Abstract

This is a collection of identities useful for variational inference with
exponential family distributions/densities. All derviations were done by
the authors, unless indicated otherwise. This does not imply that the
results collected here have not appeared in the literature before. DIS-
CLAIMER: this collection is a work in progress. It is certainly in-
complete and probably buggy. Bug-reports and contributions are most
welcome, please email dominik.endres@uni-marburg.de.

1 Exponential family distributions

A distribution is said to belong to the exponential family, if it can be written
in the form [1]:

p(x[n) = h(z)g(n) exp(n”u(z)) (1)
where the random variates  may be discrete or continuous, the sufficient
statistics u are functions of the & , not necessarily of the same dimensionality.
However, the u need to be linearly independent. The 17 are the natural param-
eters, one for each sufficient statistic. The function g(n) is the normalization
constant (replace the integral with a sum for discrete & ):

o(m) / d h(z) exp(nTu(z)) = 1 ()

1.1 Moments
Taking the gradient V w.r.t. to n on both sides of equation 2, we find:

(Vo(m)) / de h(z) exp(nu(@)) + g(n) / da: h(@)u(z) exp(nTu(z)) = 0 (3)

—& (u(@))

and thus the expectation (u(x)) is:




Computing the derivative of the i-th component of the Lh.s. of eqn. 3 w.r.t.
7, yields (noting that M = 24w [f(x,y) — LW ) [2(, 4)):

dy Oz dy
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Denoting the Hessian by VV, the covariance matrix of u(x) is thus given by

| Cov(u(@)) = ~VVlog(g(n)) | (6)

Higher order moments can be computed via higher order derviatives.

1.2 Maximum Likelihood

For maximum-likelihood approximations, we need the gradient of log(p(x|n))
w.r.t. m:

Vliog(p(z|n)) = Vlog(g(n)) + u(z) = —(u(z)) + u(z). (7)

In other words, maximizing the likelihood (i.e. following the gradient towards
higher likelihood values) amounts to making the expected value of the suffi-
cient statistic more similiar to the actually observed sufficient statistic. For
second-order optimization methods, the Hessian matrix may be needed, which
is given by eqn. 6. For maximum likelihood parameter estimates, assume we
had observed N i.i.d. datapoints x". The parameter estimate is obtained by
solving

N

i.e. by setting the data mean of the sufficient statistics equal to the expectation.

1.3 Entropy
The (differential) entropy of @ given n is defined as

Hmm:—/MMﬂmmwmm» (9)

note that this is not the conditional entropy of & given 7 . Using the definition
of the exponential family distribution (eqn. 1) , this can be written as

H(aln) =~ [ de p(aln) (log(g(m) + log(h(a)) + 1" u(x)

and thus

H(x|n) = —log(g(n)) — (log(h())) — n" (u(x)) (10)




For the gradient of the entropy w.r.t. 7 we need

@) = Gt + Y )

Ok
= {uw) - 3 ), (1)
Using eqn. 6, we find Z
Vi (@) = (u(@)) + Cov(u(z) - (12

We also need

dog(h(x))) _

(s o (96 | e @bz explau(e) )

9g(n) (log(h()))

= +g(n)/d$ h() log(h(w))ur(x) exp(n” u(x))

om g(n)
— 2B ogn(a)) + fogh(a) o)
= (o) og(h(a)) + og(h(a))us(a)

and thus

V{log(h(z))) = —(log(h(x)))(u(x)) + (og(h(z))u(z)) (14)

The gradient of the entropy w.r.t. the n is thus

VH(x|n) = —Vlog(g(n)) —V({log(h())) - V 0" (u()) (15)
(u(=))

| VH(zn) = (log(h(x))) (u(=)) — (log(h(@))u(x)) — Cov(u(=)) -n| (16)

1.4 Kullback-Leibler divergence

The KL-divergence of a distribution with parameters 7 to a distribution with
parameters n is:
. . p(zin
Ditaliliptalm) = [ do plaia)on (250)

- / da p(x|7) [log (p(xi)) — log (p(x|n))]

3

— —H(xl7) - / de plali)log (p(aln)  (17)

For this, we compute the following expectation under p(z|n):

/dwp(ﬂBIﬁ)lOg(p(w\n)) = /dwp(a?Iﬁ) (log(g(n)) + log(h(z)) +n"u(z))

= log(g(n)) + (log(h(z))) +n" (u(x)) (18)

3

(13)



and thus, using eqn. 10:

D(p(x|7)|[p(x|n)) = log(g(1)) — log(g(m)) + (7" — n"){u(=z)) (19)

Its gradient w.r.t. 7 is then (using eqn. 4 and eqn. 6)

VD(p(z|f)|[p(zln)) = Vleg(g@) +V (7" —n")(u(x))
= —(uw@)) + (u(@)) + V(u(@))(n—n) (20)
where V(u(x)) acts on w component-wise, yielding a matrix (ij) of deriva-

. Ou, ()
tives “om, Thus

| VD(p(=|)|[p(x|n)) = =YV log(g(1)) - (7 = n) = Cov(u(@))(n—n)| (21)

2 Conjugate priors on exponential family distri-
butions

For inference and learning in hierarchical models, conjugate priors on the pa-
rameters ) are very useful, because inference/learning with i.i.d. observations
translates into parameter updates (rather than complicated integrals). The
conjugate prior on an exponential family distribution (eqn. 1) is given by

p(m|A,v) = f(A, v)m(n)g(n)” exp(vn” ) (22)

where the A, v are the parameters of the p(oste)rior, g(n) is the same function
as above and m(n) is an arbitrary positive function (different from g(n)). To see
that this is a conjugate prior on p(x|n), assume we had observed N datapoints
@,. The posterior of i is then (using eqns. 1 and 22)

p(z1:N|A, V)
10, p(za|n) p(n|X,v)
[ an I3, p(aaln) p(n|x,v)

p(nAv,x1.n) =

[12, g(m)h(mn) exp(n”u(,)) - FX, v)m(n)g(n)” exp(vn” A)

J Tz, g(mh(an) exp(nTu(a,)) - f(A v)m(m)g(n)” exp(vn™A)

(n
[T, ~(@a)] f (X v)m(m) g(n)"* N exp (" (WA + 35, u(zn)))
I n)))

[[L, h(@n)] F X, v) [ dn m(m)g(n)*+N exp (nT (WA + 3, u(@
m(n)g(m)” N exp (n” (VA + 32, u()))
[ dnm(m)g(m) N exp (n” (WA + X, ul(z,)))
Note that this expression depends on the data @;.n only through N and
>, u(xy). This is why the u(x) are called sufficient statistics: they contain
all the information about 1 which we need from the data to determine the

parameter posterior. A similar result holds for maximum-likelihood learning,
see [1]. By introducting the




posterior parameters

poi= v+N (24)

Ao ARl (2)

v

thus, A+ 3y u(z,) = #X. We furthermore identify f(X, ) as the normaliza-
tion constant of the p(oste)rior, i.e.

. 1
JA D) = .
[ dn m(n) g(n)” exp (nTﬂA)

and finally, plugging these identities back into eqn. 23, we obtain:

PN v,@n) = FA D) min) gm)” exp (077X ) = pmIX 7). | (26)

In other words, given an exponential family observation model, i.i.d. data and
a conjugate prior, we obtain posterior just by replacing the prior parameters
according to eqns. 24 and 25. Furthermore, note that

e According to eqn. 24, U keeps track of the number of observed data-
points. Since it also contains prior information via v, it is referred to as a
pseudocount.

e For large enough N, the posterior is unimodal, and the log-posterior is
convex. The width of the maximum is monotonically decreasing in
(Can be shown by computing the Hessian of the log-posterior). Hence,
is also called the concentration parameter.

T ™

e The posterior A is just a weighted mean of the prior A and and the
observed data.

e These posterior updates can be iterated, i.e. the accumulation of the
sufficient statistics can be restarted at any point. The extreme case of
updating after every datapoint, i.e. online learning, boils down to keeping
track of this weighted average datapoint per datapoint.

2.1 Maximum-a-posteriori (M AP) parameter estimates

Instead of working with the full posterior of the natural parameters 77 (eqn.
26), it is sometimes enough to use the parameter values which maximize the
posterior, i.e. the numerator of eqn. 26 (the denominator does not depend on
7 after the integration). Setting the derivative of the log of the numerator to
zero, we find

Valog(m(n)) + (v + N) Vplog(g(n) +(A+ > u(z,)) = 0
—(u(x)),eqn. 4 "

_ vA+ > u(zy) N Vo log(m(n))
N +v N +v

= (u(x)) (27)



i.e. the posterior maximum is located at a point where the expected value of the
natural parameters is equal to the quotient of the posterior parameters (eqns.
24,25) plus a term depending on m(n). The latter is often zero, since m(n) =1
for many distributions (see tables in section 4).

2.2 Expectations

Computing parameter expectations (i.e. of n and functions thereof) of a conju-
gate p(oste)rior can be done similar to the expectations of an exponential family
distribution. From the normalization equation

fv) / dn m(n) g(n)” exp (vn™A) =1 (28)

follows

Va [f(Aw)/dn m(n) g(n)” exp (vnTA)] =0
= Vaf(A) [ dnmin) g exp (") = ~f\) [ dnm(m) glm)” exp (on”A) v
Fuw)—t
TSRV ) (20)

fv)
and thus

Valog(f(A,v))

14

(n) = - (30)

q o . dg(m)” V.
Likewise, from the derivative w.r.t. v we find, noting that % =log(g(n))g(n)":

(g () + AT () = - L8]] (31)
For the second moments, take the derivatives of (n) (see eqn. 29):
T = g [fow) [ mmim st e (o)
= (W/dn m(n) g(n)” exp (vn" A) 0
= f(<;’>)'/)
1) [ dn m(n) g(m)” exp (vm” X) v,
- JlosliiAv) logg;(;’ D ) + v
= —v(n)(n) +v{nm;) (32)
= LU ) — o) (33)
and thus



COV('I’[) _ VAVA 1Og(f(>‘7 V)) (34)
2
Likewise, computing the derivative of eqn. 31 on both sides yields
3<10géi(?7))> _ o logg;(;\, V) 1 3;;) (35)
where
Obostotm))y - O8I 01 4(m))) + (rom(am)?) + AT (os(a(m))m)
= (log(g(m))*) — (log(g(m))* + A" (log(g(m))m) — A” (log(g(n))) (n)
= Var(log(g(n))) + Cov(log(g(n)), A"n)
O O8O 1) 4 o toglg(m)) + XT (e (36)
= (mi log( (m)) — (mi) (log(g(m))) + AT (nmi) — AT (m)(n,)
= Cov(log(g(n)),n:) + Cov(A"m,m;)
AT covlog(g(m)), ATm) + Var(AT) (37)

Ov
and thus, noting that Var(z + y) = Var(z) 4+ Var(y) + 2 Cov(z, y):

~9%log (f(\,v)))
ov?

Var (log(g(m) + ATn) = (38)

Another expectation that can be computed from the normalization constant
f\ ) is
(o)) = 1) [ dnmm) g(m)+ exp (v A). (39)

To evaluate the integral, choose new parameters v/, X" such that

Vo= v+k (40)
VA = ia= N =2 (41)
v
With these parameters, the integral is in exponential family normal form, and
thus o)
k i
= 42
<g(77) > f(A/,I//) ( )
fAv)
g == 43
) = 72 3 (43)
fAv) fAv)
Var(g(n)) = > > 44
(9(m)) FGEA v+2) fGEEA v+ 1) (44)




2.3 Predictive distribution, entropy and log-likelihood

Let o > 0. The predictive distribution and related quantities can be derived
from the integral

/dn p(x[n)°p(nlA,v) = h(w)“f(A,V)/dng(n)“ exp (an”u(z)) m(n)g(n)” exp (vn’ X)

= @) f(Av) / dnm(m)g(n)”* exp (™A + onTu(z))

VA + au(x)
V+a«

@) S ) [ dnmmg(n)*+ ex (<u ta)m
1

)N pmiry = h@)*f(Av) (45)

f (e 1)

where the last line follows from the normalization equation 28. For a = 1, the
integral on the Lh.s. is the expectation of p(x|n) under the prior:

f(\v)
(B, 1)

Differentiating with respect to a yields:

p(x|A,v) = h(z)

(46)

@) pan = {lor(plin)pin))ymn
FA)
= log(h(e) h(a)"
7 (255 v+ a)
010 N VNN 1 e %

where the derivatives are evaluated at A’ = ’»‘%Z(w)

we obtain the expected log-likelihood, using eqn. 30:

and v/ = v+a. For a = 0,

_ Olog(f(A,v))

{log(p(@|m))) p(nir,) = log(h(x)) + (n") (u(z) — ) 9

(47)

For a = 1, we obtain expectations of the form (log(p(z|n))p(x|n)))pmn|r.):
which are the terms required for the computation of the expected entropy of x:

v+ u(x)

A v+1 (48)

vV o= v+1 (49)

o (p(aln) o)y = plald) [log(h(a)) + 2T o (u@) A
dlog(f(N,"))



2.4 Expected sufficient statistics

The expectations of the sufficient statistics w for fixed natural parameters 1 is
given by eqn. 4:

(w(@)) p(ain) = —Vlog(g(n)) (51)

If 5 is drawn from a conjugate prior, the expectation of u(x) under the prior is
given by averaging the r.h.s. over p(n|A,v),

(w(Z)) p(zlmpmire) = —(V108(9(1)) pniav) (52)

To compute this expectation, one can use the Divergence Theorem from vec-
tor calculus (Ostrogradsky-Gauss). For a differentiable vector field f(x), this
theorem states that

/Vda:Vof(w) :fds f(x) (53)

S

where S is the surface enclosing the volume V. As a special case, consider the
field f(x) = cz(x), with ¢ a constant vector and z(x) a smoothly differentiable

scalar function. Then, using V- cz(x) =), % = c'Vz(z) we find

CT/Vda: Vz(z) = chlids z(x) (54)

and since this holds for any c, it follows that
/ de VZ(z) = ]{ ds z(x) (55)
1% s

This identity can be used to compute the expectation on the r.h.s. of eqn.
52 by integrating the gradient of p(n|A, v):

/ dVap(nlX,v) = f(Av) / dnVy, (m(n)g(n)” exp (vn” X))

Vym(n) VVng(n) 5 5
f(A,V)/dn< P A)p(nx, )

(Vi log(m(n)))pmia,w) +v(Vylog(g(n)))pmiaw) + VA
= dsplnlan) (56)

where the surface S encloses the range of 1. Hence, the expectation is:

<VTI IOg(m(n))>p(n|)\,u) - f ds P(’?P\a V)
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(w(@))p(aimpmiry) = A+ (57)

If n € RP with no further constraints, then p(n|X, ) — 0 on the surface of the
range of 7, since p(n|A,v) has to be normalizable. Hence, the surface integral
must be zero. This is e.g. the case for the Multinomial distribution and the
Poisson distribution. Furthermore, if m(n) = const., then the gradient vanishes
(Dirichlet,Gamma, Stick-breaking for ¢; = 0, see tables in appendix). In those
cases, the above expression simplifies to



pendix.

(w(®)) p(amypnirg) = A (58)

The expectation for the multivariate Gaussian is also computable, see ap-

2.5 Maximum likelihood

For maximum-likelihood approximations, we need the gradient of log(p(n|A, v))

w.r.t. XA and v:

Vaalog(p(nlA,v))

ov

9 log(p(nlA, v))

v)\ IOg(f()‘a V)) +uvn
—vi{n) +vn=v(n—(n)) (59)

T | rog(gtm) + 0"

(log(g(m) — {log(g(m)))) + X" (n — (m)) ~ (60)

Similar to the gradient of the exponential family distributions, this gradient
points towards the actual value of n and away from the expectation.

2.6 Entropy

The differential entropy (not the conditional entropy) of n given A and v is

H("7|)" V) =

—f(\v) / dn m(n) g(n)” exp(vn’ ) [log(f(A,v)) + log(m(n)) + vlog(g(n)) +vn" Al

—log(f(A,v)) = (log(m(m))) — v | (log(g(m))) + A" (m)|

where the expectations are w.r.t. the p(oste)rior eqn. 22. Using eqn. 31, this
can be rewritten as

H(n|A,v) = —log(f(A,v)) — (log(m(n))) +

Dlos(i (A1)
v

The derivates of this entropy are therefore:

OH(n|A,v)

ov

_0%log(F(Av))  O(log(m(n)))

ov? Ov

and (using eqn. 36 and 30):

VAH(n|)‘7 V)

= —Valog(f(Av)) +vVa

= v(n)

= v(n)

dlog(f (A, v))

5 — Va(log(m(n)))

N y%w log(f(A, ) — Valog(m(n)))

— y%v(n} — Va(log(m(n)))

2 0(m)

= v(n) —vin) —v* =% = Va(log(m(n)))
= -2 [Cov(log(g(n)),m) + COV()\T??,W)] — Va(log(m(n)))

10
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VaAH (A v) = ~Valoa(f (A1) + 093 IO g 1oy )
(64)
VAt ) = 220, (log(m(m))) (65)

2.7 Kullback-Leibler divergence

The KL-divergence of a distribution with parameters X, 7 to a distribution with
parameters A, v is given by

DA DA ) = [ dn (A D) [log(pnl. 7)) ~ og(plnlA.v)

— ~H@[A7) ~ [ dnpmlA7) losp(min. ) (66)
The second term on the r.h.s. is given by (expectations w.r.t p(n|A, 7))

/ dn p(m|X, #)log(p(n|A, v)) = log(f(X,v))+(log(m(n)))+v(log(g(n)))+vA(n)

(67)
and thus, using eqn. 61 and 31 we find

f(j"f/) ~ 3log(f(5\»ﬂ)) 3T T v
JC(&V))—@—V)~ N

D(p(n|X, 7)|lp(n|A. v)) = log (

The derivatives are:

VDA o)lp(nA,v)) = Vilog(f(A, 7)) = (7 —v)5=

= )+ (@ —v)o- vin)
i) = (A = ATV log(f(A.7))
= oo VAT N9 log(7(A )
= -2 3TN m) (69)
a(n) T

v
where V5 (n) is a matrix with entries (V;\(n})ij = 8;;’}". Likewise,
g j

< 2f(X, D T 1
2 Dp(alx, 2 lp(ir, ) =~ - LRI (T A ay)

11



3 Variational approximations with exponential
family distributions

3.1 Variational inference with conjugate p(oste)riors

In variational inference, we replace an intractable distribution (or density)
¢(X|d) (i.e. one where marginals and conditionals are hard to compute) with
a tractable, factorized approximation ¢(X). d is the observed data. Strictly
speaking, ¢(X) = ¢(X|d) but it is customary to omit writing this condition-
ing, since it is only approximate. The approximation is linked to the correct
distribution via the variational bound also ’evidence lower bound (ELBO)’:

log(q(d) = log (Zq@m)) ~ log (qu)p(dmﬁgg)
> [ ateos <p<d|w>7q”(j§) — (log p(dl)),x, — D(a(X)|[p(X)
S Ligd) = {logp(d]m),x, — Da(X)||p(X)) < log(p(d)) (72)

where the second line follows from Jensen’s inequality for convex functions and
the definition of the Kullback-Leibler divergence. L(q, d) is a lower bound on the
log-marginal-likelihood, which we try to maximize w.r.t. g(x). The resulting
g(x) is an approximate version of the correct posterior p(x|d) which will be
exact iff p(z|d) is contained in the class of distributions which can be modeled
by ¢(x). In that case (and only in that case), the bound will be tight.

In the following, we will derive the posterior update rules for the case p(X)
is conjugate to ¢(d|X) and both are in the exponential family. We also assume
that ¢(X) is conjugate to the likelihood, such that posterior updated reduce to
parameter updates, like in section 2. Lastly, assume that the data are comprised
of N ii.d. observations, i.e. p(d|X) = Hi\ilp(d,|X) We use a generalized
version of the ELBO, which has an inverse temperature parameter g > 0:

L(g,d) = (logp(d|z)) , x) — BD(¢(X)||p(X)) < log(P(d)) (73)

B # 1 can be used to model deviations from optimal inference, or for stochastic
updating in minibatches etc.. Denote the prior parameters with v, A and the
posterior parameters with o, A.

The expected log-likelihood under the posterior (log p(d|)),x, for N dat-
apoints can then be computed from eqn. (47):

S 5y Qlog(f(X 7))

<1Og(p(d|n))>q(n|5\,ﬂ) = Z log(h(di))—i-(nT)(Z u(d;) =N A)-N T
i=1 i=1

(74)

where (n'') is given by eqn. (30) and the KL-divergence D(q(X)||p(X)) by eqn.

(68). To maximize eqn. (73) w.r.t. the posterior parameters A, 7, we will rewrite

the elbo as difference between one part that does not depend on the posterior

parameters, and a KL-divergence between the posterior, and a distribution in

the same exponential family as the posterior that depends on parameters X', v/

Because the KL-divergence is zero exactly if the two distributions that enter it

12



are pointwise equal, we can then compute the maximal ELBO by setting A=)
and v/ = D.

L(g,d) = (logp(d|z)),x)— BD(¢(X)[[p(X))
N N N
- ; log(h(dy)) + (n") <Zu(di) NX) - Nw
f(A7)
_ Bllog<f()\,u)
= ilo (h(d:)) — B 1o fA.7)
- i=1 © ' 8 f\v)

N
+ (n") (Z u(d;) + fvA — (N + ,Bu);\>

i=1

dlog(f(X, 7))

— (N+pv—pp) 5% (75)
Define
Posterior parameters for S-variational update

N

Vo= —+4v 76
3 (76)

o _ Zilyuld) + A vA+ S u(di)/B
A= = (77)
N+ Bv v

and note the similarity of these definitions with the exact posterior updates eqn.
(26) — all data-related quantities have been divided by 8. Collecting terms in
the ELBO eqn. (75) and plugging in these definitions, we find

N X ~
Lig.d) = _Zlog(h(d»)—mog(f(*w))

fAv)
+ BV (nT) (X - 5\>

. dlog(f(A, D
R () 78)
Comparing the last two lines to the expression for the KL divergence eqn. (68),
we find that up to a log (%) term and a factor (3, these lines are a KL-
divergence. Inserting and subtracting this term, we find

13



Figure 1: Left: Bayesian network with (undirected) loops. Exact sum-product
can not be run on this graph. Right: corresponding factor graph. For vari-
ational message passing, a node (e.g. X3) needs to receive messages from all
members of its Markov blanket, which are the variables connected to neighbour-
ing factors (for X3: all other nodes). through the connecting factors.

L(q,d)

~

Z log(h — B log (fgi
- 5 (q(X|X,9)[[p(X|N,v))

- 3 iy - (5325 o
—  BD(g(X|\,D)|[p(X|N, V) (80)

U
~_
4
o)
5}

o
 ~
1’)\

>
<%
|
~

which is maximal if D(q(X|X,7)|[p(X|X,+')) = 0, which happens if and only
if A= X and v/ = 7. Thus, the maximal ELBO after the posterior update is
given by eqn. (79), which is achieved for the parameters given in eqns. (76).

Now we derive an expression for the expected log-likelihood eqn. (74) that
depends only on the p(oste)rior parameters. This is possible because these
parameters are computed from the sufficient statistics (which are by definition
sufficient to determine the likelihood). Rewrite the posterior parameters as
N = B(v' —v) and B(A'v' — Av) and substitute these expressions into the log-
likelihood, then

Olog(f(X', V"))

(log(p(d|n)) y(miz0) = Zlog )BTy N =X) =BV —v) o

(81)

3.2 Variational message passing

Denote the set of indexes of latent variables by L , the set of indexes of observed
variables with O , and the set of all indexes by N such that LN O = () and

14



LU O = N. We consider a fully factorized approximation, i.e. one where the
density of the latent variables

z) = [[ Qi) = [] Q)
i€L ieL
is a product over distributions of individual variables. Strictly speaking, the
notation in the middle is correct because there is one density per variable. We

omit the extra index and assume the reader knows what is meant. Let the
correct density be expressed as a Bayes net,

— T Pidslpax,) T] Plailpax,)
jeo i€

and d; is the observed data at node X;. Furthermore, to simplify notation, we
introduce the ”sum-product” symbol:

ZHQIZ : Z HQ% (82)
ieK ziieKieK

The bound then is:

LQ.d = > J[Qw) Zlog (djlpay,)) + Y _log(P(zxlpax,)) — Y  log(Q(x))
z icL ]EO k€EL keL
= > [IQ@) | log(P(d;lpay,)) + > log(P(axlpax,))
x €L _]EO keL
—ZZQ(xi)log(Q(xi))
el x;

= > S II Q@)iog(p(djlpax,))

JEO i€LNpay.

+ Z ZH Q(z;)log(P(zk|pax,))

k€L ieLnpay, U{k}

=33 Q) log(Q(x:))

i€l x;

To find the Q(x) that maximizes the bound, we take the derivative w.r.t. g(x)
and set it to zero. This is a necessary condition for a maximum, it can be shown
that it is sufficient, too. We furthermore impose the constraint that all ¢(z;)
have to be distributions, i.e. g(z;) >0 and ), q(z;) = 1. It will turn out that
we do not have to impose the first constraint, we do however need to make sure
the second one is fulfilled. This can be achieved by a Lagrange multiplier for
each distribution. The Lagrangian functional therefore is

L(Q.d) = L(Q,d) + ) <Z Q(z;) — 1) (84)

i€L

A necessary condition for an extemum of L(Q, d) is a stationary point of £L(Q, d),
i.e. the derivatives w.r.t. the components of Q(x) have to vanish:
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0L(Q,d
(SQ((QXm)) _ Z ZH Q(z:) log(P(ds|pay;))

jeonchy,, i€Lnpa, \{m}

+ ZH Q(zi)log(P(zmlpay,,))

ieLnpay

S STT Qi)los(Plailpay,))

kELﬂCth iGLﬁankU{k,}\{m}

—log(Q(zm)) — 1+ 7m (85)

which we set to 0 and solve for Q(x,,) to find the optimal approximate posterior
marginals. To do so, we interpret the terms in eqn. 85 as messages sent to node
X, on the factor graph corresponding to the Bayesian network (see fig. 1 for
an example).

Define the messages sent a variable node X, to a neighbouring factor node
f(Xm, . ..) as just the variational posterior marginals for unobserved nodes, and
a 1-or-0 message for observed nodes:

Vm e L pux, ¢ Xm) Xm) = Q(Xn) (86)
Vi€O:ux,op(.x;.)(Xj) = 0u,.4 (87)

and the messages sent from a factor f(..., X,,,...) depending on variables with
indices j € F,m € F to a neighbouring variable node as:

B Xomo X (Xm) = D [ QEnf(.  @m...) (88)
JEF\{m}

ZH fl.  xm,.. .)uxj_)f(“,,xj,.i.)(xj) (89)

JeF\{m}

i.e. the average over the factor with respect to the posterior of all variables that
connect to it, except for the variable where the message is being sent to. With
these message definitions, eqn. 85 becomes

SL(Q, d)
0Q(Xom) 2

Fog(P(X;[Pay )= Xm (Xom)
jeonchx,,

FHog(P(XmIPay, )—Xm (Xm)

+ Z Mlog(P(Xk\ank))HXm(Xm)

keLnchx,,
—log(Q(zm)) — 1+ 7 (90)
= > Hlog(P(X;pay )X (Xm)
jEChX”L

FH10g(P(Xm Py, )—Xm (Xm)
- IOg(Q(Xm)) -1+, (91)
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Defining exp(7,, — 1) = i, we can solve for Q(X,,) now:

Q(Xm) = i exp Z Hlog(P(X;|Pay, )= Xom (Xm) + Hog(P(Xpay )X (Xm)
jechy,,
(92)
In other words, the variational posterior at variable node X,, is computed by
adding up all incoming messages, exponentiating, and normalizing (since Z; is
computed from the Lagrange multiplier which enforces normalization). This
message-passing scheme has to be iterated until convergence, which is guaran-
teed since the bound L(Q, D) is a Lyapunov function of the iteration dynamics.
Another way of deriving this algorithm without computing derivatives is via
the KL divergence D(Q(X)||Q(X)). Recall that the KL divergence is positive,
and zero if and only if the distributions are equal everywhere. Assume again we
wanted to maximize eqn. 83 w.r.t. Q(Xy). To carry out this maximization, we
only need to consider terms which depend on Q(X}), which in turn depend on
the members of X}’s Markov blanket:

argmax [L(Q,d)] = argmax Z ZH Q(z:) log(P(dj|pay,))

Q(Xy) Q(Xk) jeonchy, €LNPay

+ Y SII  lo(Pzjlpay,))

jeLnchx, u{k} i€LNpa  U{j}
— 3" Qlak) log(Q(a)) (93)
@y

Note that all terms on the r.h.s. include a factor Q(zx) and a summation over
x. We can therefore pull it out:

argmax [L(Q,d)] = argmax ZQ(mk) Z ZH Q(z;) log(P(dj|pay;))
Q(Xk) Q(Xk) T jeonchx, iELﬁanj\{k}
+ > I loa(P(arlpax,))
i€Lnpa,

+ > > 11 log(P(zj|pay,)) — log(Q(zx)) [ | (94)

jGLﬂChxk iEmean U{]}\{k}
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With the message definitions (eqns. 86 — 88) the r.h.s. can be written as

argmax [L(Q,d)] = argmax | Y Q(z) > log(p(d;ipay )—x. (k)
Q(Xk) Q(Xy) zh jeonchx ’
k

FHlog(P(Xy|pay, )X (Tk)

+ Z Hlog(P(X;|pay ) =X (x1) — log(Q(xk))
jeLnchx, '

(95)

i.e. we need the incoming messages from all neighbouring factor nodes to com-
pute this expression. Note that the unions of the index sets of the sums in the
first and the last line are simply the indexes of all children of X}, whereas the

message on the second line is the incoming message from the parents. Thus,
define

log(U(wx)) = Z Mlog(P(dj\anj))ﬁXk(xk)+ulog(P(Xk|ankHXk(xk) (96)
jechx,

and let ~
Uzr) = Z1Q(wy,) (97)

with > Q(zy) =1 and Zj, > 0, i.e. Q(Xy) is a probability distribution. With
these definition we obtain

srgmax[L(@, )] = argmex [Zwk)logw(xk»—log@(xk))]
Q(Xk) Q(Xk)

Tk

= argmax X (0] X O Q(xk)

= argmna l;cx o)l g<zk>+§c2< Pl g(qu))]

= log(Zy) — argmax [ D(Q(X,)||Q(X4))] (98)
Q(Xk)

Since the KL-divergence is > 0, it follows that the variational bound L(Q,d)

is maximized if Q(X;) = Q(Xk). In other words, to compute the optimal
distribution at a given variable node given the distributions of the variables in
its Markov blanket, do the following;:

e sum all incoming messages from neighbouring factor nodes,
e exponentiate,
e normalize.

The factor nodes collect messages from their neighbouring variable nodes, and
compute messages by summing their log-factor over all variables except the one
where the message is being sent to, similar to sum-product message passing.
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Figure 2: Variational approximation of parameter (0) learning in a Bayesian
network with a fully factorized approximation. A: fragment of a Bayesian net-
work. pax are the parents of X, which may have parents and other chil-
dren. For learning the parameters ©, these other children/parents are not rele-
vant. B: corresponding factor graph fragment. The parameters © appear only
in the factor connecting X to its parents. C: fully factorized approximation
and D corresponding factor graph. When computing the variational bound,
log(P(X]©,pax)) has to be averaged over all variables that appear in it, which
are the neighbours of the factor node P(X |0, pax) in B.

3.3 Learning parameters with exponential family distri-
butions

To apply variational message passing, it is necessary to know the factors, which
are the conditional probability distributions in case of a Bayesian network. If
we want to learn these factors from data, then it is useful to have a compact
parametrization of them, which can be done with exponential family distri-
butions and their conjugate p(oste)riors. Consider the network (fragment) in
fig. 2. Assume we wanted to learn the conditional distribution of X given its
parents, and parametrize this distribution by ©. We lump these parents to-
gether in one supernode. X may be continuous or discrete, but we assume that
the parents of X, pay are discrete (in some special cases, continuous models
are tractable). Also assume that the distribution of X given pay is from the
exponential family, i.e.

T
p(Xpax,mpa, ) = h(®)g(Mpa, ) exp(Npa, u(T)) (99)
i.e. there is one parameter vector Mpa., for each value of pax, and © is the
concatentation of these parameter vectors. The conjugate prior on each Mpa,,
is then

P(Tlpax |>\an ) l/pax) = f()\paxa Vpax)g("lpax)V eXP(Van UIT)aX Apax) (100)

Assume now we had observed n = 1,..., N datapoints di.y and computed
the corresponding latent variable distributions Q(X™), Q(pa%). If any of the
nodes are observed, replace the corresponding distribution with a distribution
concentrated at the observed value. Note that in a fully factorized approxi-
mation, each Q(pax~) is a actually a product over the parents, Q(paxn») =
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Hynepaxn Q(Y™). Looking at fig. 2, we note that there is exactly one fac-
tor connecting the parameter node to X and pay, and the prior factor for ©.
Using an approximating posterior for Q(©) which has the same form as the
prior (eqn. 100), the summands in the variational bound which depend on the
posterior distribution of © are (where y”,y € range(paxn)):

Lo = ZZZQ ) log(P(2"16,4™)) g(0) — BD(Q(O)]|P(©))

= ;;Z;Q log( (n‘ny"))>Q(nyn|5\yn’gyn)
*ZﬂD "ly|>‘ya’/y)||P(7ly|>‘yaVy)) (101)

We rewrite the first term as a sum over the possible values of  and pay:

ZZ(log (a|ny)) Q(nym,uy)ZQ )Q(paxn =)

*ZﬂD 77y|>‘yny)||P(77y|>‘yny)) (102)

and define the "responsibilities” (because they measure how much a given setting
of the latent variables contributes to explaining a datapoint)

Tey = Z Q (an" = y) (103)

Using the definition of the exponential familiy distribution (eqn. 1), the Kullback-

Leibler divergence between conjugate p(oste)riors (eqn. 68) and denoting Q(n,,) =

Q(le|5‘ya Dy)7 we find

Z Z [log(h(@)) + og(9(n,))) i, + (@) (1y)am,) | Ta.

_ Z [Blog ( yﬂ/y)) . ﬂ(ﬂy _ I@)MW + 3(5\5 _ )‘g)yy<ny>Q(ny)

Oy,

The expectations <log(g(ny))>Q(,’y) can be expressed using eqn. 31:

810g(f(5‘ya y) _xT

(log(9(ny)))on,) = — a7, Ay (Ny)om,) (105)

Inserting this expression into eqn. 104:

20

(104)



La = X% [logww» - ) S g, + u<w>T<ny>Q<ny)]

(106)

Collecting terms, we find:
Ay, D
Lo = 32 log(h(@)ray — 3 flog | Howw)
xr Yy y f(Ay, Vy)

# 3 ) [5 ) ‘Z“’”l

Y

~ - T
_Zyy [6 ()\Z _ )‘?7;) + )\Z; Zmyrmyy _ Zm rm,yu(w) :| <77y>Q('l7y)
Yy

y Vy
(107)
With the expressions
Zm y Tz,y ( Z Tx >
v, = Uy + ——— = = 1% 1 + = Y
Yy Y 6 Y VyB
Z Tx, Z Tx,
. VyAy + ==Y u(x == 2V y(x
A, = =2 Zﬁr ():@ A+ —— (=) (108)
vy + =2t Vy Vy
and noting that
—Biny = =By =Y Tay (109)
z,y
T T T T T
Vy {my + Ay Zﬂ; “’] = By [Ay + A, Z;‘ ;y}
Y Y
= BuyA, [1+ 2o r“} = BiyA, (110
vy B
T T
_aa\T _ > e Teyu(T) _ AT Dg Teyu(T)
Vy[ BAy Uy vyB | Ay + vy B
= B, (111)

we insert a zero by adding and subtracting the term Zyﬂlog (;Ei”iyi)
Y Yy
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and write (using eqn. 68)

Ay Uy
ZZlog Nray — Zﬁlog (M)

=37 8%y = Ay (my)aim,) (112)
5‘yvf/y
= ZZlog(h(:c))rm,y — Zﬁlog (W)
—ZﬂD ny‘)‘yayy)HQ(nyp‘yny)) (113)

The first part of this expression is constant w.r.t. to the S\y, Dy, and the second
part is a sum of KL-divergences. To maximize Lg, we therefore choose the

posterior parameters so that each KL-divergence is zero, i.e. )\ = )\ and
Uy = Dy
variational posterior parameters
N
oy = Z )Q(pax = y) (114)
by = 4 ezl (115)
g
Z Tw
- VyAy + =222y (x)
A, = — Z - (116)
vy + 7(3“‘

Comparing these learning rules to the conjugate update rules (eqns. 24,25),
we see that in the variational framework, a datapoint can be ”shared” between
different values of the latent variables in the model. This sharing comes about
because the responsibilities are (approximate) probability, rather than deter-
ministic Os or 1s. Otherwise the rules are identical. Note in particular that if
Tz.y € {0,1}, i.e. the variables are known with certainty, then the variational
rules reduce to the exact update rules. Also, the S-variational update rules can
be obtained by dividing all responsibilities by 5. Thus, if § > 1, the prior be-
comes 'stiffer’ and tends to ignore the data, whereas for 8 — 0, we get maximum
likelihood updates.
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4 Frequently used special cases

This section contains frequently used conjugate pairs and relevant quanitities
computed thereof.

4.1 Bernoulli-Beta

For a discrete random variable « € {0;1}, where 1 is alternatively called ”suc-
cess” (e.g. when betting on coin tosses), is given by

P(zlg) = ¢"(1 — ¢)* ™. (117)

Its canonical conjugate prior is a Beta distribution in ¢ with density

p(qla, B) = o1 —q) (118)

1
Y
B(a, )
To transform these expressions into the exponential family normal form (eqns.
1 and 22), introduce the logit

n = log (q) (119)

I—¢q
_ 1 _ 1 dg _ exp(—n)
Whenceq—m,l—q—mand#— m- q(l—q)
Substitute 7 in eqn. (117):
P(zln) = exp(zlog(q) + (1 —z)log(l - q))

exp(wlog(lq )—i—log 1—q>
q

= (1—q)exp — exp 120
(1= a) exploe) = s explo) (120)
Hence, h(z) =1, g(n) = He%p(n) (cf. eqn. (1)) and
P(z|n) = h(z)g(n) exp(nz). (121)
To transform the Beta density into exponential family normal form, note that
densities transform like p(n) = p(q(n)) j—g :
1 -1 1 dq‘
p(nle, B) = ¢ '(1-q)f"
() = Frge 10"
1 -1 -1
= 1-— exp (alo + Blog(1 — 1-—
Bl )’ (1 —q)" exp (alog(q) + Blog(1l —q)) q(1 —q)
: =) )
= exp | alog | —— | + (o + ) log(1 —
sy o (odox (11, ) + e+ 5 os(1 -0
1 1 a+f3
= exp (« 122
e el IS 12
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Letting v :=a + 3, A

plAv) =

:%vf()‘ay):

73@)\,3(17”), m(n) = 1 we find

1
By v(l—=X)) [1 +exp(n
Fv)ym(n) g(n)” exp(vAn).

( )] exp(vAn)
(123)

Bernoulli distribution

standard form *(1—qg)t==
constraints xz €{0,1}
constraints ¢ q€[0,1]
u(x) x
" log (%7
T
a TToxp(—1)
constraints 7 neR
9(n) Traam =1 ¢
h(x) 1
<u(x)> 1+8Xi)(*77) =4q
Var(u(w)) | 2By = q(1-q)

Beta distribution

“ T(1—q)" T
B(a,)

standard form

constraints o, 3 a,BeRT
Y o
a+p8
v a+p
@ VA
6] v(l—2A)
constraints v veRT
constraints A A€ 0,1]

FOv) e
m(n) 1
) SN — P =)

Var(n) LAV 4y (p)) + ¢ (v(1 = \))
TR V() = AN = (1= No(v(1 = N))
Tl | ' (v) = N/ (vA) = (L= NP (v(1 = X))

(g(n)) 1*A*m;1*<q>
Var(g(n)) AR = =it

paNy) [ M+ (=N —a) =alg) + (1 —2){1—(g)
(u(®)) p(air ) A

Table 1: Bernoulli distribution and conjugate Beta prior

4.2 Multinomial-Dirichlet

The multinomial distribution is the generalization of the Bernoulli distribution
to K possible outcomes. It is convenient to represent multinomial random
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variates by vectors with K components, such that z;, € {0;1} and Z,If:l Ty =
1, whence zx =1 — Zk 1 T). This is called I-of-K representation, because
exactly one component of x is 1 and all others are 0. Let ¢ = (¢1,-..,9x) be
the probabilities of the K possible & , such that qx =1 — Zf:_ll qi- Then, the
multinomial distribution can be written as

K—1 TK
P(zl|q) = H a <1 -y Qk> (124)
k=1

This expression can be transformed into exponential family form via

P(zlg) = exp (KZ:I 1, 1og(qx) <1 — Z g;k> log (1 —~ Z qk>>

k=1

(1 — Z qk> exp <Z z; log ( Zz 1 q1>> (125)

) we find that

and by introducing the generalized logit 1, = log <1Zq+lq

T Zlui=1 9

Ve=1,....,K -1 : q,= eXpm’“) (126)
1 + Zz 1 eXp(nZ

1
127
e 1+ 35 exp() 120

(alternatively, we could fix ng = 0, and let ¢ = softmax(n)). Hence, h(x) =
(after xz, € {0;1} has been enforced) and

K—-1 1
_ (1—zqk> -
k=1

1 +Zz 1 exp(nl)

The standard conjugate prior on the multinomial is the Dirichlet distribu-
tion. Let o = (aq, ..., ax) with a > 0 and

_ ILe Do) 198
(Y5 ax) 12

then the density of the Dirichlet distribution is
K—1 ax—l
plgla) = M H gt <1 -y Qk> (129)
k=1
K—1 K-
= Mexp(Z(ak—l)log(qk) (g — 1) log< Z >>

k=1
K-1 K-1
= M][a'0=> a) eXp(Zak10g< ) Z KlOgQK>
k=1 k=1 -1
-1 K-1
= M ZEeen H g @)~ exp (a'n) (130)
k=1 k=1
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To substitute g by 1, we need to compute the determinant of the Jacobian leq

Let Z =1+ Y1 "exp(m), ie. qp = &g”“). Then

exp(m) _ exp(2n1) _exp(m) exp(nk)
> % o
dq
‘dn '
_exp(nx) exp(n1) exp(nx) _ exp(2nx)
27 - 7
Q1 0 73
= 0 o | — (q1-..9K)
0 qK qK
q1 0 1
= 0 0 Ixr — (q1--.9xK)
K—1 K-1
- Ma <1 B qk) (131)
k=1 k=1
And thus
dq
pnla) = pla(mla) ]dn
kel OK
= M exp (a’n) (132)
<1 + Z =1 eXP(ﬁz )
With v = Zk 10k, Ay = S5, f(A,v) = M, m(n) = 1 and g(n) as above, we

find
p(m|A,v) = f(A v)m(n)g(n)” exp(vnA) (133)
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multinomial distribution

standard form

K—1
IT= 4"

(I*Zk 1 Qk)xK

constraints x

T € {0, 1}, Zk:l xr =1

constraints q

qr € [07 1]7 Zf:zl qk S 1

q
" log (=)
q exp(n)
14355 exp(ms)
constraints n e €R
K—1
9(77) 1+Z 1 exp(n7 = - Zi:l q; = 4K
h(x) 1
(u(z) S T
_ 311 exp(nk) — exp(netnn) _ —
Cov(u(z)) | Cu = T o) (s o)) Okiqt — QK
Dirichlet distribution
ag—1
standard form % K_ ' ak ! (1 _Zk 1 Qk) -
constraints o o € RT
) V=1, K —1: A = o
=11
v Zfil @
« VA
constraints v veRT
constraints A i €10,1], Zfi}l A <1
T(v)
f(A7V) F(V(lei;_ll )\k)) Hf(:_llF(VM)
m(n) 1
(n) ) - (W1 - 5 W)
Cov(mi. ;) 5 (2) + ' (v(1 - IS )
dlo AV K— K—
ZalfO) | () - (1= 28 11 Y (v =25 0) - 2w
82 log(f(\,v K—
FRelfO) [y () — (1= SIS )% (v(1 - SIS ) - S B )
K—1
(g(m)) 1_22 1 A= ZK o (ax)
Var(g(n)) -xK 11V/J\F)ZK Y <(IK>V<iI(IK>
p@|A v) iy @itk (l= 30 ) = Yo i)

<u(m)>p(9:|)\,l/)

A

Table 2: Multiomial distribution and conjugate Dirichlet prior
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4.3 Multinomial-StickBreaking

The stick-breaking construction is another way of parameterizing multinomial
distributions. It has attracted a lot of attention in Machine Learning around
2005, because it is a convenient way of representing infinite multinomials with
a Dirichlet-process prior. To re-parameterize the distribution of a K compo-
nent multinomial variable  (in 1-of-K representation) with probabilities q |,

introduce the variables v = (v1,...,vk_1) such that
g = U (134)
q2 = (1 — U1>’U2 (135)
qs = (1 — U1)(1 — ’U2)’U3 (136)
dK—1 = (171}1)(171}2)...’0[(_1 (137)
qrKk = (1—1}1)(1—’02)...(1—1}}(_1). (138)

The distribution of & can then be written as

K—1
plafv) = T o' (1 - v)>mem (139)
i=1
We now introduce the sufficient statistics u(x) = (ug, ..., uKx—1)

K
up =y (140)

i=k+1

hence ug = 1. ug = 1 implies that x; = 1 with ¢ > k. Eqn. 139 becomes

K-1 K-1
p(x|v) = H v T T (1) = exp <Z (ui—1 — u;) log(vi) + u; log(1 — vl)>

i=1 =1
(141)
To transform this expression into exponential family normal form, rewrite the
exponent on the r.h.s. as

K-2
l—Ui 1—’UK_1
1 1 . L log [ 2K 142
og(v1) + > Og( ” U+1)+UK 10%( ) (142)

=1 i VK-1
and introduce the natural parameters n = (n1,...,9x—-1):
1 —vg_
NK—1 = log (UK 1) (143)
VK—-1
1—
Vk=K—2,...,1:m :1%( ”%HO (144)
U,
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Solving for v yields

1
Vi — = - 145
K-l 1+ exp(nr-1) (145)
1
Vi _ = 146
K22 = i) (LT oxp(ix 1)) (146)

1
o= 14+ exp(n)(1+exp(n)(l+...(1+exp(nk-1))...) (147)

Thus
P(z|n) = vi(n) exp (0" u(z)) (148)
which is in exponential family normal form, with h(x) =1 and g(n) = v1(n).
The conjugate p(oste)rior on v is given by a product of Beta distributions.
Let a, 8 be the parameters of these Beta distributions, then
K-1 1
p(v|la, B) = — (1 — )P 149
To derive the corresponding density in 7 we need the determinant of the
Jacobian gfl
upper triangular matrix, hence the determinant is given by the product of the
diagonal entries:

. Note that as a consequence of eqns. 145-147, the Jacobian is an

dv; _ eXp( )(1—|—exp( ) ) = —u:(1 —v; 150
dn; ( +exp(n;) (1 + exp(1i41)(-..)))” ) 50
dv

H vi(1 — v;). (151)

Now we can rewrite eqn. 149 in exponential form

_ K—1
p(via, B H B 61 ' exp <Z a; log(v;) + Bilog(1 — vl)> (152)

k=1

dn

and rearrange the exponent as:

K-1

Z a;log(v;) 4+ Bilog(1 — v;)

= Z (o + B;) log(v;) + B; log <1 ‘vi> (153)
k=1

4
szrl)

= 5K110g< UK 1) Zﬁ,log(

K-
+(051 + ﬁl 1Og Ul Z a; + B — Bi- 1) IOg(Uz) (154)
—_—
P ne
K—2
= Pr-1Mx-1+ Z Bimi + (a1 + B1) log(g(n)) + Z cilog(v;) (155)

i=1
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Hence, letting N(a, B) = HlK:Il B(a;, ;)" we obtain for the density of n :

pmla,B) = plomaB) j—jf, (156)
K—-1
= N(a.g) [T vitm)“gm™* ™ exp (n"8)  (157)

which is almost in exponential family normal form, except for:

. Hfi;l v;(n)° should be m(n), i.e. it must not depend on the data, hence
the ¢; need to be constant. Since o and 3 will be updated on observation,
this requires that Vi = 2,..., K —1: «a; = ¢; — 3; + Bi—1. This implies
that o is determined by B up to the ¢;, except for a;.

o v:=qq + f1 and \; := %, hence a1 = v(1 — A\y).
e f(A\v)=N(aAv),vA)

In the standard parametrization of the prior on the stick-breaking construc-
tion (eqn. 149), the «; are the pseudocounts on the number of instances where
z; = 1. To see that our definition

a;:=¢; — Bi+ Bi-1 (158)
has the same meaning, assume that we had observed N datapoints 'V and
corresponding sufficient statistics w''"Y. Using the exponential family update
rules (eqns. 24 and 25), we find for the posterior parameters

N
ap = V*ﬂ{V:alJrﬂlJrN*ﬂl*ZU’f

n=1

N
= al—l—N—Zu’f
n=1

N
= ozl—l—le (159)
n=1
N
Vi=2,... K-1:8" = g+ ul (160)
n=1
o = Y+,

N
= —PBit B+ Z(U?A —uy)

n=1

N
= Ci+ﬂi—1*5¢+zl’?

n=1
N
= ai+ Yy af (161)
n=1
Hence, the meaning of a is preserved.
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In this table, let

Ve =1+exp(ne) (1 +exp(r1) (I + ... (1 +exp(ng_1))...))

multinomial stick-breaking distribution

standard form o (1 — vp) ik B
constraints x zy € {0, 1}, 21521 xp =1

constraints v v € 10, 1]
u(x) Vk:l,...,K—l:uk:Zfik+lmi
Uj NK-1 = log <%>> Vk <K —1:mn =log (1;:’“ Uk+1>
— 1 . — T
v ’l}K_l—m,Vk<K—l.Ui—W
Vit
constraints n e €R
g9(n) S =
h(x) 1

(u(z))

Ly
(ug) = =P — T (1 vy)

Cov(u(x))

TC)
exp(Z?:f Ui)Vma,m(k,z)H cxp(Zi?:l ni)'yk+l cxp(z::?:1 m)'y“rl

Cu =

Y1 7

=100 (1 = o) =TT (= v) TTy (1 = vy)

Table 3: The stick-breaking distribution for multinomial variables
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stick-breaking prior

standard form

K—1 1 =
5 sy (—w) !

constraints «, 3 ag, B € RT
B} -
v ap + 3
constraints ¢ Vi=2,...,.K—1:¢;>p;— Pi—1
« ar=v(l—X\),Vi=2,.... K—1: a;=c¢;— B;i + Bi—1
constraints v veRT
constraints A A € RT

K-1 F(Ci+l//\i71)

I'(v
fAv) TEADT(v(I=21)) 1}523 T (ci—vAitruh 1)
m(n) [[i—s vi(m)“

VZ<K—1<7]I>

P (vAi) = (i —vAi +vAim1) + ¥ (Cig1 — Vg1 +VN) — P (Cip1 + V)
= (8i) = (i) + ¥ (@ig1) — ¥ (@ig1 + Biv1)

(nr-1)

P (vAi) =¥ (ci —v i +vim1) = (Bi) — ¥ (ay)

Var(m)

P WA+ (w1 = A1) = (ca+vA1) + ¢ (ca —vAa + VA1)
=" (B1) + ¢ (a1) = ¢ (2 + B2) + ¢ (a2)

V1<i< K —1:Var(n)

P (Vi) + 0 (ei — v Fvhic1) =Y (cipr + v i) + U (Cig1 — vAipr + V)
=" (8;) + ¢ () — ¥ (vig1 + Bit1) + ¥ (ig1)

COV(m‘, 77¢+1)

Y (Cip1 — Vi1 +vN) = ¢ (@ig1)

Var(nx 1) P’ (PAg—1) + (04 (ck—1—VAk_1+VAKk_2) = P (Br—1) + ! (k—1)
dlog(f(Ar)) P(v) = Mp(vAr) — (1 =AY (v(1 = Ay))
ov

+ Zfigl Mic19(ci + vhic1) = M) — N1 — A)w(ei — vAi +vAi)]

92 log(f(Av))

U () = MY () — (1= M)*0" (v(1 = A1)

ov? + Zﬁ;l [)\22711/)/(61‘ + V)\i—l) — )\121/)/(1/)\7) — ()‘i+1 — )\7;)21//(61; — V)\i + V)\i+1)]
{g(n)) M=y

Var(g(ﬁ)) lwguj-ll) = yza(lllily)

r1 =1 : 1_>\1:a1(1151

_ . i—1 |29 ci—vXi+vXi—1 i—1 B i
p(:z:\)\,l/) Tie{2;..; K—2} = LM Hj:2 Cj"l‘V)fjfl citrAio1 - = Zj:l aj‘;/@j Oéj(i{f‘/@j
B . K-1 v _ 17K-1 B
rx =1 : MITis or— == 515

Table 4: The conjugate prior on the stick-breaking distribution for multinomial

variables
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4.4 Poisson-Gamma

The Poisson distribution is a distribution over a univariate integer-valued ran-
dom variable z, e.g. spike count or radioactive decay events. In standard form,
it is given by

r® exp(—r)

p(|r) = (162)

!

where r € RS‘ is the rate. Its sufficient statistic and natural parameter are

ulz) = = (163)
n = log(r) (164)
and hence 1
p(zln) = NCE) exp(—exp(n)) exp(n u(z)). (165)
W g(n)

Note that for x € N, I'(x + 1) = 2!. The conjugate prior on r is a Gamma
distribution with density

p(rla, S) = F(al)Sa r® Lexp (—%) (166)

where a € R(J{ is the shape parameter, and S € R* is the scale. To tranform
this into exponential family form, let

v = %)\:O[S (167)

dr

and note that #‘ = exp(n) = r(n). Thus, we find

Z/V)\
P, A) = & VA)r(n)”‘leXp(—W(n))T(n)
Vu)\
= Tow exp (vAlog(r(n))) exp (—vr(n))
Vu)\
= TN exp(—exp(n)))” exp(vAn) (168)
“/_’f(/\ ) g(m)v

4.5 Multivariate Gaussian with Gauss-Wishart prior

The multivariate Gaussian is widely used, e.g. all finite-sized marginals of a
Gaussian process are Gaussian. But it is also a standard ingredient in parametric
models for regression, e.g. linear or other basis function. In the standard form, a
multivariate Gaussian density of a vector-valued random variable with variates
@, dim(x) = D is parameterized by a mean vector g and a symmetric, positive
definite covariance matrix X:

1
z|p, )= —————exp (=05 (x—p) 'S (x — 169
p(z|p, X) N p ( (x —p) (x —p) (169)
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Poisson distribution

standard form

7 exp(—r)
x!

constraints r€Np, 7€ ]R(T
n log(r)
constraints neR
9(n) exp (—exp(n))
(u(z)) exp(n) =1
Var(u(z)) exp(n) =r
Gamma prior for Poisson-distributed RV
standard form Wr"‘_l exp (— %)
constraints a€RY, SeRT
A as
v S
constraints veRT, NeR]
f\v) FIELV//\)
m(n) 1
(m) P(vA) —log(v)
Var(1) P (vA)

9log(f(A,v))

A(log(v) +1 —(vA))

v
7 Tog(f )
EIE

N CRRCAC2Y)

—Av
(9(n)) (1A+ :) ~
Var(g(n)) (1+2) " - (1+ (52 )
T(vA+z) (v4+1)-WA+e
p(z[A,v) NS R
(u()) p(a)r)

Table 5: Poisson distribution and conjugate Gamma prior

It is often convenient to use the inverse of 3 , called precision matriz P = 371,
which is also symmetric (P = PT) and positive definite:

p(z|p, P) =

ViPl

27TD

exp (= (@~ 0" Pla - w)

(170)

To transform the Gaussian into the exponential family normal form, we rewrite
the exponent as

1

2

Note that

" Px

ufPx

(- p) Pz — p)

%

Z(Pﬂ)iivi

%

1 1
—§CL‘TP£L‘ +utPx— —u"Pp

Z ZmiPiJazj = ZP@Z‘.’I}? +2
Jj i
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Z Z PiJiBi.’Bj
i g<i
(172)



We therefore introduce sufficient statistics and natural parameters comprised of
three parts: first, from the diagonal elements in eqn. 172, the row vectors

Ug = (CL’%,:B%,...’:E%)T (173)
1
n, = —§(P171,P272, o Paa)t (174)

Second, we order the off-diagonal elements (with i < j) in some arbitrary fashion
(e.g. lectically) and construct the vectors
u. = (xox1,T3%1,T3%2,. .., mD:BD,l)T = lt(wa:T) (175)
’I’]C = 7(P271,P3_’1,P3,2,...,PD’D_l)T = 71t(P) (176)
i.e. m, contains the lower triangle of P, and the 1t() operator extracts the lower
triangle of a matrix, excluding the diagonal. Third, from eqn. 172:
u, = (177)
n, = Pp. (178)

We stack these vectors into the total sufficient statistics and natural parameters

u(x) = U (179)

n = . |- (180)

Noting that p” Py = p" P"P~'Pp = nTP~'n, and P = P(n), eqn. 171
can be written as
T

1
n u(@) — Sp' Pp=njuq+nluc+nu, —
—_——— ——

1 _
5 ~n,P(n)"'n, (181)

2

7%33TP:13 MTPm

With these substitutions, the exponential family normal form of the multivariate
Gaussian is therefore

p(xln) = V“;Z" exp (—;nfp(n)_lnu) exp (n" u(z)) (182)
=:9(n)
and thus
D 1 1 .
log(g(n)) = = log(2m) + 5 log (IP(n)[) — 5m, P(n) "1, (183)

To compute moments, we need the gradient of this expression w.r.t. 7, whose
components can be computed via the chain rule. Since

BPZ-J-

= —926; 40, 184
6(nd)k kOj.k ( )
6Pi,j _

s —0ik 05,1 — ;105K (185)
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and P does not depend on n,,, we find

wi

(186)

(187)

dlog(g(n)) L -1
= _— 2 P = —
( ;A)k 2 ( Tlﬂ)k Fi
A log( (77) Z 1. - | 2
ECO - 2 [P+ P 'n,m, P (—2)0ikbjk = — Py —
dlog(g(n)) 1 P,
ECATY >3 5 [Pij + P immu P (=000 = 0105) = =P —

i,J

which implies, by virtue of eqn. 4:

(up(z)) = p
(ug(z)) = —diag(P™") —p"p
(uc(x (kl)> = —sz iy

)
(190)
)

i.e. the well-known expressions for expectations of Gaussians. The second
derivatives (necessary for the evaluation of the gradient of the KL divergence)
are omitted here, they can be computed by automatic differentiation from the

above expressions, e.g. by Theano.

The prior on the parameters of the Gaussian is given by a (multivariate)

Gauss-Wishart distribution [1]. In standard form, it is given by

p(p|B, P)p(Ply, V)
Bz |P|2

p(HaPWvHoa% V)

(192)

p(plB, P) = e exp (—;ﬁ(u — o) " P(p — uo)> (193)

2w
~y—D-—1

P (_%r(vlp))
PV, (3) T\ 2

where I'p(x) is the multivariate gamma function [3]:

D .
_ 1—
Ip(x) = no | |1I‘ <9c+ 2‘]>
j=

We reparameterize as follows:

p(P|y, V)

B = v
v = v+4a, o> 0and const.

Au = Ho

B = v

B;;
(Aa)i = (V + (Ho)?)
B By
Ay = T + (o) k(o)1 = — + (o) (o)1

A = (Au, A, )\c)
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Using these substitutions and u” Pu = nEP_lnu, the arguments of the expo-
nentials in eqn. 192 can be written as

1 1 1
—V§[LTP/L +vul Pp— Vi/,LOTP,u,O — itr(BP)

1 _ 1 B
= v(—sn P ', +nipy— str (P =+ poug
2 2 v
1 _
= v (—anP 117# + nz)\u + 0T Ags + ncTAc) (203)

Thus eqn. 192 becomes

v+o

_D via
@(VA)D v~z |B(A)| 2 |P|a;D
200, (2)

1\ 1 v
|P|2 exp (—nTPln L)
<\/ﬂD> 2 H :
exp (vmp A+ vmiAa +vnlAe) . (204)

p(H,P|VHu,0,B) =

X

X

To transform this into the desired exponential family form, we need to change

p, P into the natural parameters of the multivariate Gaussian (see eqns. 174,176,178).
This can be accomplished by multiplying eqn.192 with the determinant of the
Jacobian J of that transformation, which can be constructed as a block matrix

as follows: stack the diagonal elements of P into the vector P4 of dimen-
sionality D, the off-diagonal lower triangle into the vector P, of dimensionality

Q= w. The Jacobian then has the following structure, which follows from

the definitions in eqns. 174,176,178 (rows and columns labelled with variable
names):

lpr o wp|[(Pai oo (Pap | (P ... (Pog
(Ir]u,)l
: p! 0 0
(ny,)D
J_ (Ma)1
o e —2-1p 0
(na)p
(nc)l
: g,;t 0 —1¢
(n.)e
(205)

By virtue of eqns. 397 and 398 in [2], the absolute value of the determinant of
J is therefore
7| =27 [P~ (n)] (206)

Reparameterizing eqn. 204 in terms of 1 and multiplying with this expression

37



yields (cf. eqn. 182 for the definition of g(n)):

(v=1)D V2 B a—D _
plnlv, o, B) = 203 W[D( I ppee
Ip (45%) —~—
=:m(mn)
=:f(v,\)
o\ 1 v
x |P|% exp (—nTPln )
(\/%D> 9l I3
=g(n)¥
X exp (Whif)‘u + I/ndT)\d + I/nz)\c)
= fw,Nm(n)g(n)” exp(vn™ ) (207)

which is the exponential family normal form of the Gauss-Wishart prior on the
parameters of the multivariate Gaussian.
To calculate expectations, we need the derivatives of log(f(v, A)):

(v ) = C-+ 5 og(em) 3 tog) 1o (T (252 ) )45 og(BOV)
(208)
with C' = Dlog(2) — £ log(2m) — 22 log(2). Thus

of(v,A\) D D 1 v+«
5, = 510g(27r) + o §\I!D 5

)+ gloe(BO 09

where Up(z) = w is the multivariate digamma function. For the
derivatives w.r.t. A, note that eqns. 196-202 imply B;; = v(2(Aq); — (Amu)?
and Vi > 5 Bij = v((Me)ig — ()i Vi > 15 Big = (gt — ()iCh)
hence

0B, ;
1Y ’;k —v((An)idj ke + (Au);0ik) (210)
o
OB;
a(Ad;k = V(si,kfsj,k (211)
OB;_;
({9()\7)7;1 = V((Si,k(SjJ + 6i,l5',k) (212)
With formula 57 from [2], we therefore find
dlog(f(v,A)) Z v+ adlog(|B|) 0Bm.n
O(Xa)k o 2 OBmn O(Ad)k
_ + @) Z Byl b ibng = —v(v+a)Byl (213)
Olog(f(v, A _
dlog(f(v,A)) B l/—l—a
AR L ) i O O

= v(v+ « ZBkn (215)
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The expectations of the sufficient statistics of the multivariate Gaussian are thus
(It(X): vectorized form of lower triangle of X)

M) = (P = (0B AN = Vi (216)
) = —ylaias(P)) = -7 Vaiaa(m) (217
() = —t(P) =+ (B (218)

= (P)=qV (219)

Second derivatives can be obtained similarly, or more easily by automatic dif-
ferentiation.

The expectation of the sufficient statistics u(x) can be computed from eqn.
57. We already computed A (eqn. 202). The surface integral vanishes, because
p(x|A, v) = 0 as A, — oo, since the density must be normalized. Furthermore,
in the subspace where | P| = 0, the density is also zero if v > D — 1. Since m(n)
does not depend on py, we see that

<uu(w)>p(m\)\,u) = AM = Ko (220)

For ug, u., it remains to evaluate the expectation

(Vplog(m(m))p@iaw = —2 < (O‘ ; "= 1) P_1>p(m>\#)

V71

- (a-D-9)—
(o )V+a—D—1

(221)

where the factor —2 results from the differentation of the elements of P w.r.t. n,
see also the Jacobian above. The entries of V™! have to be suitably rearranged
to match the entries of . Thus we find

diag(V™!) a-D-2 diag(V!)
v B v v+a—D—-1

v+1 diag(V™h
v v+a—-D-1

(Ua(®))peingw = diag(pend) +

diag(pom ) + (222)

and likewise for u..

4.5.1 Univariate Gauss-Gauss-Gamma

trivial, see above.

5 Random identities that might be useful

Decomposition of Kullback-Leibler divergence for multivariate Gaussians: let

K1, K2, K»)=N K K
p(m17m2|u’17/“"27 11, 21, 22) - (w17$2)|(/""17/1’2)7 K21 K22
(223)
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Multivariate Gaussian distribution

=T
standard form m exp (70.5 (- p) T (- u))
constraints x, p € RP, 3 positive semidefinite and symmetric
u(x) ug = diag(zz?),u. = lt(zzT)u, =
n Mg = "dlag(P), n.=-lt(P), n,=Pp
constraints 7 n, € RP n, <0, n.st. P pos.semidef.
|P(n)]
g(n) \/\/gg ( 217# P( )~ 177#)
h(x) 1
(u(z)) (wp) = p, (ug) = —diag(P~" + pp”), (u;) = —1t(P~" + ppu”)
Gauss-Wishart prior for multivariate Gaussian RV
T—D—1
f 8% P2 — )T P( — |P|” 2 _1 -1p
standard form V- exp (=381 — po) T P(1 — pyo)) 2%“/‘%&)(%) exp (—3tr(V )
constraints 1, po € RP, P,V pos.semidef., 3> 0,y > D — 1
A B =V Xi=diag (T +popd). Xe =16 (T + poud ), Mu = 1o
v v=p,vy=v+a«a
constraints v € RT « const. and s. t v+a>D-—1
vfa
920z —(=1)Dy~ T B2
fv,A) VT FD(HTD()
m(n) i [P (n)|*= _ i
. <7l>A ) =+a)B™ (M)A, <77d> —(v+a)diag(B™"), (n.) = —(v+a)lt(B™")
og(gﬁ ) Dlog(m) — 2 — 1up D( @) + 2 log(|B(N)|
FD(u+a+1) (L)7 B( 1/42-,1
Pl Vo (5] 1) | p(easagen) F
(6 () p(aAp) - Au = N
<ud($)>p(ac|)\,u) >‘d - a711/372 V?gf% 1 — dlag(ﬂoﬂo) lediag(vil)
(ue(@))p(irn) A — == Vftgz‘in)il = lt(popg ) + SV )

Table 6: Multivariate Gaussian distribution and conjugate Gauss-Wishart prior

be a joint multivariate Gaussian on x1,xs. The conditional distribution of x4
given @7 is then also multivariate Gaussian (see [2]):

My = KoK} (224)
Ky, = Ky — MK Mj, (225)
p(eilxs) = N (@2py + Moy (x — py), Kopy) (226)

Assume now we had a variational posterior for @, s, which we decompose in
the following way (tilde indicates variational parameters):

a(@1.@2) = gl@ale))g@:) = N (@alfts + Moy, Ko ) N (@110, K1 )
(227)

which is a generalized form of the conditional Gaussian above, because fiy)1, M1, Kaj1

are now free variational parameters. Note the following decomposition property
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of the KL-divergence, which follows directly from its definition:

D (q(z1, @2)|p(1, 22)) = (D (q(22]21)|p(22|21))) 4 (1) + D (a(21) (1))
(228)
Using the above distributions, the second term on the right hand side is given
by the usual expression for the KL-divergence between multivariate Gaussians:

D (gnlp@n) = 5 (ir [KT K] + G — )T Gy — 1)
—dim[@] -+ log(|K1]) — log(|K1])) (229)
and the first term is

(D (g(z2]@1)[p(®2|21))) ) (1)
= % (tr [B Ko | +

~ T -
+ (ﬁz + Mo fiy — (g + Mo (f1; — N1))) Ki' <I:L2 + My fiy — (g + Mo (f1; — Nl)))

—dim[z,] + log(| K1) — log(| K1)
-H:I" |:(M2|1 — M2|1)TK2_‘1(M2|1 — M2|1)k2‘1i|)

This expression is zero iff: M2|1 = My, Ky = I~{2|1,ﬁ1 = pq, flg = foy —
M1, Note that a zero expectation can not be achieved if we had made the

Ansatz q(xzs|x1) = N (m2|ﬂ2‘1,1~(2|l), because the KL-divergence is positive,

thus for its expectation to be zero, it has to be zero for all values of x; which
requires an explicit representation of the mean projection matrix M .

References

[1] C.M. Bishop. Pattern Recognition and Machine Learning. Springer, New
York, 2007.

[2] K. B. Petersen and M. S. Pedersen. The Matriz Cookbook. Version
20121115, http://www.math.uwaterloo.ca/ hwolkowi/matrixcookbook.pdf

[3] A.T. James. Distributions of Matriz Variates and Latent Roots Derived
from Normal Samples. Ann. Math. Statist. 35 (1964), no. 2, 475-501.

41

(230)



