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Abstract

We present a full variational treatment of the Coupled Gaussian Process Dynamical Model
(CGPDM) with non-marginalized coupling mappings. A CGPDM is comprised of several
latent dynamical models, each of which predicts a part of the observations with a mapping
drawn from a Gaussian process. Furthermore, the dynamical models are coupled in a
product-of-experts fashion, allowing for a flexible adjustment of the coupling strength at run
time (Velychko et al., 2014). However, this previous treatments of the CGPDM integrated
out the coupling mappings, making it virtually impossible to exchange the dynamics of
the parts after learning. This exchange possibility would be crucial for the construction of
modular movement primitive models, which is our primary application goal. Furthermore,
such models need a compact representation of the individual dynamical models, to allow
for the storage of a large library of movements. We tackle the first problem by a non-
marginalized treatment of the CGPDM, and the second by representing each mapping by
a small collection of inducing points (Titsias and Lawrence, 2010). Our work builds on
similar developments in Gaussian state-space models (Frigola et al., 2014), but we obviate
the need for sampling, which results in a fast deterministic approximation for the posterior
of latent states. We test the model against human perception and illustrate the modularity
on human movement data.

Keywords: Gaussian Process, Dynamical Systems, Coupling, Motor Primitives, Bayesian
Statistics

1. Introduction

Planning and execution of full-body movements is a formidable control problem. Modular
movement primitives (MP) have been suggested as a means to simplify this control problem
while retaining a sufficient degree of control flexibility for a wide range of task, see Bizzi et al.
(2008) for a recent review. 'Modular’ in this context usually refers to the existence of an
operation which allows for the combination of (simple) primitives into (complex) movements.

While evidence for the existence of modular MPs has been accumulated in biological
motor control for quite some time, starting with Sherrington (1906), technical applications
have also been devised. For example in computer graphics, especially combined with
dynamics models (Giese et al., 2009; Lee et al., 2009) and robotics, e.g. the dynamical
MP (DMP) (Ijspeert et al., 2013; Riickert and d’Avella, 2013). Each DMP is encoded by
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a canonical second order differential equation with guaranteeable stability properties and
learnable parameters.

To lift the restriction of canonical dynamics, we describe a model that learns MPs
comprised of coupled dynamical systems and associated kinematics mappings, where both
components are learned. We build on the Coupled Gaussian Process Dynamical Model
(CGPDM) by Velychko et al. (2014), which combines the advantages of modularity and
flexibility in the dynamics, at least theoretically. In a CGPDM, the temporal evolution
functions for latent dynamical systems are drawn out of a Gaussian process (GP) prior
Rasmussen and Williams (2005). These dynamical systems are then coupled probabilistically,
the result is mapped onto observations by functions drawn from another GP. One drawback of
the CGPDM is its fully non-parametric nature, which leads to a prohibitive run-time scaling
for large data sets. We improve this scaling by employing sparse variational approximations
Titsias and Lawrence (2010); Frigola et al. (2014) and obviating the need for sampling.
In our model, which we call 'variational CGPDM’ (vCGPDM), each MP is effectively
parametrized by a small set of inducing points (IPs), leading to a compact representation.
This compactness is important for real-world applicability of the model, since it results
in a small memory footprint and significantly reduced learning time. While our target
application here is human movement modeling, the vVCGPDM could be easily applied to
other systems where modularized control is beneficial, e.g. humanoid robotics. It was
recently demonstrated Koch et al. (2015); Clever et al. (2016) that such modular MPs
can indeed substantially simplify the control problem of a humanoid robot while yielding
solutions that are not only feasible, but close to optimal.

The paper is organized as follows: in section 2, we briefly discuss related work before
introducing the vCGPDM in section 3. An overview of the calculation of the variational
lower bound on the model evidence (ELBO, evidence lower bound) is provided in section
4, the full derivation is contained in the supplementary material. In section 5, we present
perceptual validation results with the objective of determining the degree of human-tolerable
sparseness. We also show that perceptual performance can be predicted from the ELBO.
Second, we demonstrate the modularity of the model by re-using learned MPs for the
generation of novel movements.

2. Related work

The Gaussian process (GP) is a machine learning staple for classification and regression tasks
Rasmussen and Williams (2005). Its advantages include theoretical elegance, tractability
and closed-form solutions for posterior densities. Its main disadvantage are cubic run time
scaling with the number of data points. A number of solutions have been proposed for this
problem. Many of these involve a sparse representation of the posterior process via a small
set of IPs Snelson and Ghahramani (2006). If the input space is unobserved, one obtains
a GP latent variable model (GPLVM), for which sparse approximations have also been
devised Lawrence (2007). One problem with sparse GP approximations is their tendency to
overfit Lawrence (2007), leading to incorrect variance predictions which can be alleviated by
a variational approximation Titsias and Lawrence (2010). This prompted us to develop a
similar approach for the CGPDM.
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The latent space of the GPLVM can be endowed with dynamics in discrete time. If
the temporal evolution function is also drawn from a GP, the resulting model is called
Gaussian Process Dynamical Model (GPDM) Wang et al. (2008). The GPDM can model
the variability of human movements and has been used for computer animation with style
control Urtasun et al. (2007); Taubert et al. (2012); Levine et al. (2012). It has also been
used with an additional switching prior on the dynamics for motion tracking and recognition
Chen et al. (2009). Inspired by the successes of the variational posterior approximation for
the GPLVM, such approximations have also been developed for GPDM-like architectures
Frigola et al. (2014) and even deep extensions thereof Mattos et al. (2016). However, with
the exception of the coupled GPDM (CGPDM) Velychko et al. (2014), all these approaches
have a 'monolithic’ latent space(s) and thus lack the modularity of MPs.

In the following, we therefore introduce a variational approximation to CGPDM learning
and inference based on an approach similar to Frigola et al. (2014), but we aim to obviate
the need for sampling altogether to allow for fast, repeatable trajectory generation. While
deriving a variational approximation is not trivial, we expect it to avoid overfitting and yield
a good bound on the marginal likelihood Bauer et al. (2016).

3. The model

A vCGPDM is basically a number of GPDMs (the 'parts’) run in parallel, with coupling
between the latent space dynamics. The model operates in discrete time ¢t = 0,...,T.
For every part ¢ = 1,..., M there is a ();-dimensional latent space with second-order
autoregressive dynamics and inputs from the latent spaces of the other parts. Let # € R%
be the state of latent space ¢ at time ¢. Then

—

B o= (@ g, B M B, (1)

We chose a second-order model, because our target application is human movement modeling,
and the literature indicates (e.g. Taubert et al. (2012)) that this is a good choice for this
task. However, we note that this can be easily changed in the model. The latent states &
give rise to D;-dimensional observations ¢i € RP# via functions g?(.) plus isotropic Gaussian
noise n;

g =g'(@) +mi (2)

The functions §*(.) are drawn from a GP prior with zero mean function and a suitable
kernel. In a vCGPDM, the functions ﬁ( ..) are also drawn from a GP prior with zero mean
function, and and a kernel that is derived with product-of-experts (PoE, Hinton (1999))
coupling between the latent spaces of the different parts, as described by Velychko et al.
(2014): each part generates a Gaussian prediction about every part (i.e. including itself).
Let #;7 = f%(#_,,Z%_,) be the mean of the prediction of part i about part j at time index
t, and o its variance. Following the standard PoE construction of multiplying the densities
of the individual predictions and re-normalizing, one finds
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Figure 1: The graphical model representation of the variational Coupled Gaussian Process
Dynamical Model (vCGPDM). Shown is a model with 2 parts, indicated by the
superscripts i,j € {1,2}. Latent, vector-valued dynamical random variables #
generate (vector-valued) observations ¢ via functions §*(Z}) drawn from a GP
Titsias and Lawrence (2010). Gaussian noise 7 is added to the observations,
ie. g = g(i%) +n (not shown). The second-order mean dynamics functions
fi (#%_,,7%_), whose product-of-expert combination Hinton (1999) govern the
temporal evolution of :E’{ are also drawn from GPs. The blue and red connections
indicate the coupling between the parts.
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where dim(X7) is the dimensionality of the latent space of part j and o/ = (ZZ o jl) .

It was shown in Velychko et al. (2014) that the individual predictions fftj can be marginalized
out in closed form, if each of them is generated by a function drawn from a GP with mean
zero and kernel £%7(.,.). In contrast to that work, we will keep the individual predictions,
because this allows us to couple a previously learned dynamics model for a part (including
its predictions about the other parts) to any other dynamics model for the other parts, thus
obtaining a modular MP model.

The form of eqn. 3 indicates the function of the coupling variances: the smaller a
given variance, the more important the prediction of the generating part. When the ao®J
are optimized during learning, the model should be able to discover which couplings are
important for predicting the data, and which ones are not (see section 5). Put differently, if
an o/ is small compared to o, then part i is able to make a prediction about part j with
high certainty, and vice versa. Furthermore, as demonstrated in Velychko et al. (2014), the
a® can be modulated after learning to generate novel movements which were not in the
training data. Fig. 1 shows a graphical model representation with M = 2 parts (top and
bottom half of figure).

The basic CGPDM exhibits the usual cubic run time scaling with the number of data
points, which prohibits learning from large data sets. We therefore developed a sparse
variational approximation, following the treatment in Titsias and Lawrence (2010); Mattos
et al. (2016). We augment the model with IPs 7 and associated values ¢ such that g(7) = "
for the latent-to-observed mappings ¢*(X*), and condition the probability density of the
function values of g'(X?) on these points/values, which we assume to be a sufficient statistic.
We apply the same augmentation strategy to reduce the computational effort for learning
the dynamics mappings, which are induced by 7/ and @*7.

Key assumption: to obtain a tractable variational posterior distribution ¢ over the
latent states & = (:c;l, . "mi,Q")’ we choose a distribution that factorizes across time

steps 0,...,T, parts 1,..., M and dimensions 1,...,Q" within parts, and assume that the
individual distributions are Gaussian:

T M Q '
a(Zg,....2r) = [III1I e, (4)
t=0i=1q=1
a(@,) = N(uigomn). (5)

This approximation assumption is clearly a gross simplification of the correct latent state
posterior. However, it allows us to make analytical progress: an ELBO will be a sum of
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two main contributions. First, the latent-to-observed component of the model is now a
variational GPLVM as described by Titsias and Lawrence (2010). Hence, the results of that
paper can be reused without alteration. Second, the dynamics component. We can derive
closed-form expressions for the required integrals for certain kernels & ()Z , X' ) . Specifically,
we use an ARD (automatic relevance detection) squared exponential kernel Bishop (2006)
for every part-i-to-j prediction GP:

~ (Ko X)) (6)

The computations required for this are lengthy (and error-prone) but straightforward, and
resemble those for the variational GPLVM of Titsias and Lawrence (2010). We outline the
computation in the next section, details can be found in section 2 of the supplementary
material. Whether our simplistic approximation assumption (eqn. 4) is useful depends on
the data, but at least for human movement it seems appropriate (see section 5).

4. Computing a variational lower bound for the dynamics model

Since we work with a second order dynamics, we denote the last two time steps Z_; =
{#1_2,@1_1}. Superscripts refer to parts, subscripts to time indexes ¢t = 0,...7 and dimen-
sions d. Note that an extension to higher order dynamics is relatively easy, by redefining
Z_; accordingly. As mentioned above, we construct a sparse variational approximation by
augmenting each of the M x M dynamics mappings f7% IPs 77 and values @/. Likewise,
the observation function of each part ¢° is augmented with inputs  and outputs 7"

The variational distribution for ¢(7%) factorizes (eqn. 4), whereas ¢(ii*) and ¢(7*) are
unconstrained distributions. The joint density of the augmented model factorizes as

— —

p(Z, 4, f,7,3,9) = p(d19)p(gZ, 0)p(0)p(Z, fli@)p() (7)

where omission of indexes or slice notation signifies collections of variables, e.g. ¥ =
-1 SMY. =i [ =i
{Zg,....27 }; &t ={ah, ..., 2%} Ineqn. 7,

M D;
p(d7) =TT I1 »(7lda) (8)
i=1d=1
M D;
p(g12,7) = [T I1 »(gal. 7 (9)
i=1d=1
M ) M M
p(@) = [Ip@); p@@ =] I]p@@") (10)
i=1 1=17=1
The density of the latent variables and the individual parts’ predictions thereof is:
p(, fl@) = p(&| f, @)p(f1@) (11)
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where an empty slice (¢ < 2) implies no conditioning. The first two latent states at ¢t =0, 1
are drawn from independent Gaussians, [, p(Z)p(Z}). Eqn. 12 is given by the PoE
construction (eqn. 3).

We choose the following proposal variational posterior:

a(#, . £.9,9) = p(§|, ©)a(@)p(f17, @)a(Z)q(il) (16)
with p(§|Z,7) given by eqn. 9 and p(f|Z, @) by eqn. 11. The densities ¢(7) and ¢(@) are
assumed to be multivariate Gaussian.

With these distributions, we derive the standard ELBO Bishop (2006), denoting 0 =

(Z,4, f,7,9):

log p(3) 2 L) = [ dll(6) g @f?) 17)

using the assumption that the IPs and values 7, 7" are a sufficient statistic for the function
values g for every part i and exploiting the fact that the variational posterior (eqn. 16) and
the joint model density (eqn. 7) contains common factors (cf. Titsias and Lawrence (2010)).
Thus

M
‘C( ) = Zﬁim + 'Cdyn (18)
=1
where
. D P ) (71173
b= 30 [ (G, g () log P 202, (19)
d=1"%"7"93 q(v")

is similar to the Bayesian GPLVM bound of Titsias and Lawrence (2010). The remaining
integral
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Edyn =
+ [ a@) lé [a@o ( [ Pl i1, To1,0

% 1ng(j;‘t\{ﬁ, a:’:})dﬁ) dfu] + q(@) log ]q)égdﬁ

+ [ al@o) log pldo)ds + H(a(a) (20)

is derived in the supplementary material. Briefly, we again use the assumption that the IPs
and values 27" and @' are a sufficient statistic for the function values f{"*. We write K: g,fz i

for the kernel matrix computed from the IPs of the dynamics/coupling GPs. Optimizing

with respect to ¢(4"') can be carried out in closed form using variational calculus and yields

Liyn(8) > log [ p(i) exp(C)dit + H(g()) (21)
q(i) = NG|, 55) (22)
f= (Rol L.+ )G (23)

S = (R} + F) (24)

The inequality on the first line is due to the sufficient statistics assumption, which introduces
another approximation step that lower-bounds Lgy,. The matrices F “ and G' contain kernel
statistics, which are derived in the appendix, likewise the expressions for C. We now have
all the ingredients to compute the ELBO for the whole model.

5. Results

We implemented the model in Python 2.7 using the machine-learning framework Theano
Bastien et al. (2012) for automatic differentiation to enable gradient-based maximization of
the ELBO with the scipy.optimize.fmin_1_bfgs_b routine Jones et al. (2001-). Latent
space trajectories were initialized with PCA.

While the sparse approximations in the vCGPDM greatly reduce the memory con-
sumption of the model, they might also introduce errors. Also, our fully factorized latent
posterior approximation (eqn. 4) might be too simple. We tried to quantify these errors in
a cross-validatory model comparison, and in a human perception experiment.

5.1 Human movement data

Comparisons were carried out on human movement data. We recorded these data with
a 10-camera PhaseSpace Impulse motion capture system, mapped them onto a skeleton
with 19 joints and computed joint angles in angle-axis representation, yielding a total of 60
degrees of freedom. The actors were instructed to walk straight with a natural arm swing,
and to walk while waving both arms. Six walking-only and walking+waving sequences each
were used to train the models.
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Figure 2: Model comparison results. Shown is the average squared kinematics error after
dynamic time warping. The vCGPDM and variational GPDM are at least as
good or even better than the full capacity CGPDM and GPDM models with
maximum-a-posterior (MAP) estimation of latent space trajectories. IPs: numbers
of inducing points for both dynamics and kinematics mapping. Error bars are
standard errors of the mean. For details, see text.

5.2 MAP is worse than variational approximation

To check how predictive quality for both dynamics and kinematics (pose) is affected by
our sparse variational approximation, we conducted a comparison by five/four-fold cross-
validation of the following models for walking/waving: 1.) a GPDM with maximum-a-
posteriori (MAP) estimation of the latent variables Wang et al. (2008), called GPDM-MAP
in fig. 5.2. 2.) a fully marginalized two-part (upper/lower body) CGPDM with MAP
estimation of the latent variables Velychko et al. (2014), called CGPDM-MAP. 3.) Their
variational counterparts, two-part vCGPDM and GPDM-Var, for five, ten and 15 inducing
points (IPs) for both the dynamics (latent-to-latent) and the kinematics (latent-to-observed)
mapping. The variational GPDM is implemented as a vCGPDM with one part. All latent
spaces were three-dimensional. Cross-validation scores were dynamics and kinematics error,
computed in the following way: we generated trajectories by initializing the model with
the first two states of a held-out trial. Then, the model was run forward, predicting the
mean trajectory. This generated trajectory was mapped onto the actual held-out trajectory
using dynamic time warping Sakoe and Chiba (1978). The kinematics error in 5.2 is the
remaining mean squared error. Generally, all models perform better on walking only dataset,
than on walking+waving. This might be due to the arms sometimes being out of sync with
the legs during walking and waving, as can be seen in the movie modular_primitives.mov
in the supplementary data. Comparing the full-capacity (no IPs) model, we find that the
CGPDM-MAP gives better predictions than the GPDM-MAP on both data sets. Somewhat
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surprisingly, all variational models are at least as good (within the error bars) as the
CGPDM-MAP, which indicates that a relatively small number of IPs is enough to model
these data — (O(10) inducing points compared to O(10%) data points which have to be stored
for full capacity models. This also shows that our fully factorized latent state posterior
approximation, eqn. 4 is not too drastic an approximation for human movement data, a
conclusion which is furthermore supported by the fact that the two-part vCGPDM does not
overfit the data compared to the GPDM-Var, even though the former has two latent spaces.

5.3 A small number of IPs is enough to fool human observers

Next, we wanted to investigate the number of inducing points needed for perceptually
plausible movements. Six walking sequences were used to train vCGPDMs with 2 parts
(upper/lower body), between 4-16 IPs for the kinematics mapping and 2-16 IPs for the dy-
namics and latent-to-latent mappings. We generated walking sequences from the vCGPDMs
by initializing them with starting conditions taken from the training data. Furthermore,
we recorded another 9 walking sequences for catch trials during the perception experiment,
to rule out memorization effects. Generated and recorded sequences were rendered on a
neutral avatar. Examples of stimuli, for different numbers of IPs, can be found in the movie
example_stimuli.mov in the supplementary material.

Experiment: in a 2-AFC task, human observers were presented simultaneously with
videos of natural and generated movements. The duration of an individual stimulus was 1.8
seconds, with a total of 1170 presentations. After the stimulus presentation participants
were asked choose which movement they perceived as more natural. 31 participants (10
male, mean age: 23.8 + 3.5a) participated in this experiment. To test whether participants
simply memorized the six natural stimuli during the experiment, we added 10 catch trials in
the last quarter of the experiment where previously unknown natural movements were tested
against the known natural stimuli. The trial sequence was randomized for every subject. All
experimental procedures were approved by the local ethics commission.

Results: we computed the frequency fyen of choosing the CGPDM-generated movement
across all subjects as a function of the number of IPs for the dynamics/latent-to-latent
mappings and the number of IPs for the latent-to-observed mapping ("GPLVM’), see fig.
3, A. At best, we might expect fgen to approach % when the generated movements are
indistinguishable from the natural ones. We also fitted those data with a logistic sigmoid
m and a Bernoulli observation model, using three different regressor functions r(.):
a soft-minimum between the number of IPs, the ELBO (eqn. 18) and a linear combination of
the kinematics Ly, and the dynamics ELBO part Lg;,, called SELBO. Panels C & D depict
the sELBO regressors, panel B the fit. Panel E shows 107-fold crossvalidation results for the
three regressors, using the average negative log-probability on the held-out data as score.
Error bars are standard deviations. ’Constant’ is the constant regressor, any other regressor
should predict better. 'Data’ uses the data mean of the individual #IP combinations as a
predictor, and constitutes a lower bound on the cross validation score.

Clearly, fgen increases with the number of IPs, approaching (but not quite reaching)
0.5 for a sufficiently large number of IPs, this is true for the sELBO regression, too.
Thus, a rather small number of IPs is sufficient for modeling this data. This allows for
compactly parametrized MPs. The cross-validation data indicate that prediction of subjects’

10
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Figure 3: Perceived naturalness of the model, as a function of the number of inducing
points (#IP) A: Rate of perceiving vCGPDM-generated stimulus as more natural
than natural stimulus, averaged across all participants. B: Regression of data in
panel A, with Lg,, and Ly;, as regressors and logistic sigmoid as psychometric
function C & D: Lg,, and Ly, regressors. Color scale from cold (low) to hot
(high), but not the same as in panels A,B. E: Regression model comparison with
107-fold cross-validation. Softmin and sELBO perform comparably well, ELBO
is significantly worse. F: Weights of dynamics (w;) and kinematics (ws) in the
sELBO regression. The line indicates the ratio w; /wy averaged across subjects.

performance is better, and almost optimal, when using the sELBO as regressors, rather than
ELBO. The average ratio between dynamic/kinematic regression weights of wy /wy = 1.52
indicates a stronger influence of dynamics for human perceptual performance. We did not
find evidence for stimulus memorization effects during the catch trials.

5.4 Modularity test

Next, we examined if the intended modularization of our model can be used to compose
novel movements from previously learned parts. To this end, we recorded motion capture

11
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Figure 4: Modularity example. Shown are the first two dimensions of generated 3-
dimensional latent space trajectories (solid) and training data (dashed). Blue:
walk + wave movements, red: walk 4+ normal arm swing. Dynamics IPs re-used
across movements for lower body. For details, see text.

data from one human participant who executed a walk with normal arm swing, and a
walk with two-handed waving. We trained a vOCGPDM consisting one part for the lower
body (below and including pelvis), and a second part for the upper body. 25 IPs for the
latent-to-observed mapping of each part were shared across all movements. The walking MP,
parametrized by 16 IPs for the lower-body dynamics and the the lower-to-upper mappings,
was also shared. We used a different set of 16 IPs for the upper body MPs between arm-swing
and waving. Furthermore, the coupling o™ "s, were also learned anew for each combination
of upper/lower MPs. The resulting latent space trajectories are plotted in fig. 5.4. All
generated trajectories (solid lines ) are on average close to the training data (dashed lines).
While the walking trajectories for the lower body are very similar for the two movements, the
upper body trajectories clearly differ. Movements generated from this model are very natural
(see movie modular_primitives.mov in the suppl.mat.). This is a first demonstration that
the vCGPDM with non-marginalized couplings can be used to learn a library of compactly
parametrized MPs, from which novel movements can be produced with minimal re-training
effort (i.e. learning the couplings only).

6. Conclusion

We developed a full variational approximation of the CGPDM, the vCGPDM, which obviates
the need for sampling the latent space trajectories. We demonstrated that the vCGPDM
with a small number of IPs performs equally well as the full-capacity CGPDM. Next, we
showed that it produces perceptually believable full-body movements. While perceptual
evaluations of full and sparse GPDM-like models Taubert et al. (2012, 2013) have been
done before, we are the first to investigate systematically the number of IPs of all model
components required for perceptual plausibility. Furthermore, we showed that the parts

12
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of the ELBO (eqn. 18) and the number of IPs can be used to predict average human
classification performance almost optimally. This indicates that the model selection process
on large databases of training movements for the model could possibly be automated. Within
the range of IPs which we tested, the ELBO was still increasing with their number. We
chose that range because we wanted to see how few IPs would still lead to perceptually
indistinguishable movements. Due to experimental time constraints, we did not investigate
perceptual performance at the point where the ELBO begins to decrease with increasing
IPs (i.e. the approximately optimal model), but we plan to do that in the future.

Second, we showed that the model can be employed in a modular fashion, using one
lower-body dynamics model, and coupling it to two different models for the upper body. Note
that the lower-to-upper coupling function was the same for the two upper-body models. Each
of these models, including the coupling functions to the other model parts, may therefore
be viewed as a modular MP that is parametrized compactly by a small number of IPs and
values. While our modularity demonstration can only be regarded as a very first step, we
are now in a position to learn a large library of movements with a CGPDM, and study its
compositionality. This is possible due to the compact representation of each MP. To generate
complex movement sequences, we will put a switching prior on top of the dynamical models,
like Chen et al. (2009). We then plan to evaluate if the extra flexibility afforded by the GP
based dynamical models is necessary by comparing our approach directly to DMPs on a
large dataset of natural (human) movements. Instead of direct connections between parts in
the vCGPDM, it is also conceivable to embed the parts into a hierarchical architecture, like
Lawrence and Moore (2007); Taubert et al. (2012). While the vCGPDM is suitable when
the number of parts is relatively small (computational complexity O(T * M * (M * #IP)3)
per optimization iteration), a hierarchical architecture might enable more computational
savings for many parts.

A further direction of future research are sensorimotor primitives, i.e. MPs that can be
conditioned on sensory input. This conditioning can take place on at least two timescales: a
short one (while the MP is running), thus effectively turning the MPs into flexible control
policies, like the probabilistic MPs described by Paraschos et al. (2013) or Mattos et al.
(2016). And a long timescale, i.e. the planning of the movement. This could be implemented
by learning a mapping from goals and affordances onto the coupling weights, comparable to
the DMPs with associative skill memories Pastor et al. (2012).
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