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Abstract. Sequences of rule applications in high-level replacement sys-
tems are difficult to adapt. Often, replacing a rule application at the
beginning of a sequence, i.e., reverting a rule and applying another one
instead, is prevented by structure created via rule applications later on
in the sequence. A trivial solution would be to roll back all applications
and reapply them in a proper way. This, however, has the disadvantage
of being computationally expensive and, furthermore, may cause the
loss of information in the process. Moreover, using existing constructions
to compose the reversal of a rule with the application of another one,
in particular the concurrent and amalgamated rule constructions, does
not prevent the loss of information in case that the first rule deletes
elements being recreated by the second one. To cope with both problems,
we introduce a new kind of rule composition through ‘short-cut rules’.
We present our new kind of rule composition for monotonic rules in
adhesive HLR systems, as they provide a well-established generalization
of graph-based transformation systems, and motivate it on the example
of Triple Graph Grammars, a declarative and rule-based bidirectional
transformation approach.
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1 Introduction

High-level replacement (HLR) systems [2,3] are a useful generalization for trans-
forming various kinds of high-level structures, such as graphs, in a rule-based
manner. Transformation processes consist of sequences of rule applications. These
sequences effectively de-/construct and modify structures, yet, they also im-
plicitly create dependency relationships: an earlier rule application may be the
precondition for a later one. Often, these relationships prevent rule applications
at the beginning of a sequence to be replaced by another one, as reverting the
former would destruct preconditions used for transformations later in the se-
quence. A trivial solution would be to roll back all applications that depend
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on each other, until reaching the one that is to be replaced, and reapply them
in a proper way. However, rolling back and recreating these sequences has the
disadvantage of being computationally expensive and, furthermore, may cause
the loss of information in the process. Thus, it would be highly beneficial to
replace rule applications in a — preferably also rule-based — way that preserves
the remaining sequence. Existing approaches to rule composition, namely the
parallel, concurrent, and amalgamated rule constructions [1,2,3], are not apt to
deal with that kind of dependency.

Hence, we introduce a novel kind of rule composition through short-cut rules
whose applications serve as an alternative to possibly long chains of replacement
actions. A short-cut rule composes the reversal of a monotonic rule, i.e., of a
rule which only creates structure, with the application of a second one. Yet,
doing this, the short-cut rule identifies elements, deleted by reverting the first
rule, with elements, created by the second one, hereby preserving them. This
preservation allows for applications of short-cut rules even in situations where
the reversal of the first rule itself is impossible. We accomplish this by pair-wisely
comparing the rules of a given HLR system searching for common substructures.
Consequently, we exploit this information for creating short-cut rules that preserve
those common substructures. While the approach is formalized for monotonic
rules in HLR systems in general, we use Triple Graph Grammars (TGGs) [9]
as example for demonstration purposes. TGGs are an established formalism for
the declarative description of complex consistency relationships between two
modelling languages with graph-like representations. They are especially useful for
efficiently checking and restoring the consistency of a given pair of models [8] or
for generating possible combinations of consistent pairs of models; unfortunately,
they do not offer adequate means for the specification of arbitrarily complex
editing operations that directly transform one consistent pair of models into
another consistent pair of models. With our contribution we are able to solve a
common problem of TGGs by using our novel rule composition scheme to take a
set of TGG rules as input and produce a set of short-cut rules as output. The
rule composition scheme guarantees that any combination of inverse and normal
applications of TGG rules can be replaced by short-cut rules and may even be
executed in several situations where the inverse application is impossible. They
have the additional advantage of preserving some graph elements which otherwise
would be deleted by the corresponding inverse application of a TGG rule and be
recreated by the corresponding normal application of a TGG rule.

The main contributions of this paper are as follows: We illustrate the use of
short-cut rules in the context of TGGs (Sect. 2). We formalize the construction
of short-cut rules and prove the Short-Cut Theorem (Theorem 7), settling the
synthesizability of applications of monotonic rules into an application of a short-
cut rule and the analysability of applications of a short-cut rule into applications of
monotonic rules (Sect. 4). We formally compare our new kind of rule composition
with existing ones (Sect. 5). Furthermore, in Sect. 3 we recall transformation
rules and HLR systems. Section 6 concludes the paper and points to some future
work. Most of the proofs are presented in Appendices A to C.
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2 Introductory Example

The construction and use of short-cut rules is motivated at the example of
consistency between a simplified class diagram and a custom documentation
structure. It is an excerpt of, and based on the example provided by Leblebici et
al. [7], yet, in a simplistic form to show the basic idea of our approach. Thus, it
contains no (propagation of) attributes, which will be covered in future work. Our
example is an excerpt from a consistency specification between a class diagram
and a documentation structure using Triple Graph Grammars (TGGs). It thus
consists a Package structure containing Classes on the one side and a Folder
structure containing Doc-Files on the other.

TGGs [9] are a declarative, rule-based bidirectional transformation approach
proposed by Schiirr. Given two input meta-models, a TGG specification defines
consistency between instances of both. To this end, it consists of a finite set of
graph grammar rules that define how consistent pairs of both models co-evolve.
In order to relate elements from both sides, TGGs introduce a third meta-model,
which is referred to as the correspondence meta-model. It is used to connect
elements of both sides such that they become correlated and thus traceable.

_ . p: f:
CreateRoot-Rule: @ » package <O rorder
supP : O supF :
supP - SUpF : Package Folder
CreateSub-Rule: <O~ » L L
Package Folder p: C f: doc:
Package Folder Doc-File
p: O f:
o i Package Folder
_ . : : N2 g
CreatelLeaf-Rule: package << > Folder » - Tor
Class C Doc-File

Fig.1. A TGG to co-evolve class diagram and documentation structure

Figure 1 shows the rule set for our example consisting of three TGG rules. The
first rule depicts the base TGG rule of the given rule set. Since its left-hand side
(LHS) L is empty, and thus no precondition exists, it can always and arbitrarily
often create a root Package together with a root Folder and a correspondence link
between both. Given the context from the LHS, the second rule creates a Package
and Folder hierarchy where every sub-folder has a Doc-File that may contain the
documentation of the corresponding Package. Finally, the third rule creates a
Class together with a corresponding Doc-File analogously to the Package and
Folder of the previous rule.

Given these rules, one can create consistent graph triples, such as those
shown in Fig. 2. The exemplary triple on the left consists of a hierarchy of three
Packages on the left side which are correlated to a similar hierarchy of Folders via
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rootP: 2 O > rootF : rootP: 2 O > rootF :
Package Folder Package Folder
N2 N2
p: = O S f: d: p: 2 O S f:
Package Folder K Doc-File Package Folder
N2 J J J
subP : 2 O S SubF : subD : subP : 2 O S SubF : subD :
Package Folder K Doc-File Package Folder K Doc-File
J J J J
c: = O S cDoc: c: c O > cDoc:
Class Doc-File Class Doc-File

Fig. 2. Two examples for consistent triples

correspondence links. However, the Folders f and subF additionally contain their
own Doc-File. Thus, the triple was created via four consecutive applications of
TGG rules by applying first CreateRoot-Rule, followed by CreateSub-Rule twice
and finally CreateLeaf-Rule.

An important point about this transformation sequence is that it creates
entities for both the class diagram and the documentation structure simulta-
neously, but the resulting model does not contain any information about the
contents of the created elements. This means that, in practical applications,
the user may add data manually which is not correlated to the other side, like
layout information for the class diagram or textual descriptions as the contents of
Doc-Files. Due to this lack of correlation, one has to be careful on how to change
models in order to avoid unnecessary data loss. Given the model on the left side
of Fig. 2, a reasonable example for such a change would be the separation of
the first two hierarchy levels making the former sub-elements p and f to be root
elements by effectively deleting the connection to their former root elements (and
the superfluous Doc-File) as is depicted on the right side of Fig. 2. However, no
rule of the current grammar is able to perform such a change and to modify the
triple by hand is a tedious and error-prone task that can create triples which do
not longer comply with the TGG language. To solve this issue and to create a
triple graph which contains Package p and Folder f as additional roots (and is
unmodified otherwise) we have to proceed as follows: We have to roll back all
rule applications except the first one (CreateRoot-Rule) and recreate the deleted
parts of the graph triple from scratch again — despite the fact that the intended
modification affects only a small portion of the graph triple. Executing this
strategy with large hierarchies has two major disadvantages. First, it is tedious
and might be computationally expensive for complex models. Second, one may
loose a large amount of manually added data.

However, when studying the TGG rules of Fig. 1 in detail, we see that
CreateRoot-Rule and CreateSub-Rule have common substructures, i.e., we can
find nodes and edges of the same type arranged in the same way in left- and
right-hand sides of both rules. In our example, such a common substructure of
their right-hand sides (RHS) R stems from the fact that both rules create a
Package and a Folder together with a correspondence link between those two
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SupP : supF : SupP : . supF :
Root-To-Sub- Package Folder Package Folder
Short-Cut-Rule: »
p: f: p: O f:
Package Folder Package Folder
supP : SupF : supP : . supF :
Package Folder Package Folder
Sub-To-Root- T T »
Short-Cut-Rule: . . - - .
p: f: d: p: O f:
Package Folder Doc Package Folder

Fig. 3. Two examples for short-cut rules (interface K of rules given implicitly as L N R)

elements. It consists of the Folders f and Packages p but does not include the
Doc-File only contained by CreateSub-Rule.

Taking a closer look at our example in Fig. 2, one can see how this insight
propagates to the model level and that the only difference between a root-Folder
and a sub-Folder is that the latter one possesses an additional Doc-File and has
an incoming hierarchy edge. Hence, one might want to exploit this knowledge by
replacing a TGG rule application somewhere in a sequence of rule applications
by another similar rule application such that formerly created elements are
possibly preserved and the need to roll back sub-sequences does not arise. In
the current case this would mean to preserve all elements that are contained
in the root elements by changing the CreateSub-Rule-application to become a
CreateRoot- Rule-application. Therefore, we have to use the common parts of
both rules to create a new rule which directly transforms the left to the right
graph triple depicted in Fig. 2, which again is an element of the language of the
TGG of Fig. 1. Thus, the result of the application of such a ‘short-cut rule’ looks
like the composition of the effects of the reverse application of CreateSub-Rule
followed by the application of CreateRoot-Rule. Implicitly, the application of
the short-cut rule operates as a kind of meta-rule on sequences of TGG rule
applications as it replaces an occurrence of a rule with the occurrence of another
rule in an arbitrarily long sequence of rule applications. Figure 3 depicts two
short-cut rules that enable to replace CreateRoot-Rule with CreateSub-Rule and
vice versa. In our example, Sub-To-Root-Short-Cut- Rule replaces an occurrence of
CreateSub-Rule with an occurrence of CreateRoot-Rule as shown in Fig. 4. Note,
however, that short-cut rules extend the set of rules rather than replace it.

Root-Rule Sub-To-Root-
Application i : ﬁ ﬁ Short-Cut-Rule
Application

Sub-Rule
Application

Sub-Rule
Application

Leaf-Rule
Application

[ .

Root-Rule
Application

=

Root-Rule
Application

Il

Sub-Rule
Application

=

Leaf-Rule
Application

)

Fig. 4. Example: Application of Short-Cut Rule
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It, thus, preserves the consistency of the graph triple of Fig. 2 by selecting
the elements p and f as new root elements and by deleting the now superfluous d
element associated with f as well as the edges connecting rootP and rootF to
p and f, respectively. This singular application of one short-cut rule stands in
contrast to the deletion and recreation of the affected triple graph from scratch.

3 Preliminaries

Since adhesive categories [5] provide a suitable formal framework generalizing
many instances of rule-based rewriting of graph-like structures (including triple
graphs), we present our work in that setting. This section shortly recalls the
definition of rule-based transformation systems. Adhesive categories and their
properties are recalled in Appendix A before the presentation of most of the
proofs in Appendices B and C.

Rules are a declarative way to define transformations of objects. They consist
of a left-hand side (LHS) L, a right-hand side (RHS) R, and a common subobject
K, the interface of the rule. In case of (typed) triple graphs, application of a rule
p to a graph G amounts to choosing an image of the rule’s LHS L in G, deleting
the image of L\ K and adding a copy of R\ K. This procedure can be formalized,
also in the more general setting of adhesive categories, by two pushouts. Rules
and their application semantics are defined as follows.

Definition 1 (Rules and adhesive HLR systems). Given an adhesive
category C, a rule (or production) p consists of three objects L, K, and R,
called left-hand side, interface (or gluing object), and right-hand side, and two

monomorphisms | : K — L,;r: K < R. Given a rule p = (L LK D R), the

inverse rule p~! is defined as p~* = (R <= K < L). Arulep= (L S KES R)
is called monotonic (or non-deleting) if [ : K < L is an isomorphism. In that
case we just write r : L — R.
A subrule p’ of a rule p = (L LS R) is a % ”

v o LI - > K/ SN R/
rule p' = (L' <= K' < R') with monomorphisms
u:Ll — Liw: K — K, v: R < R such that u[ [w [U
both squares in the diagram to the right are pullbacks [— KR

and a pushout complement for uol’ exists.
A common kernel rule p for rules p; and ps is a common subrule of both.

An adhesive high-level replacement system (or HLR system for short) consists
of an adhesive category C and a set of rules P in that category.

Figures 1 and 3 depict rules in the category of triple graphs. The first are
monotonic, the second set includes a general rule. Together they form an HLR
system.

For the construction of short-cut rules, we are mainly interested in common
kernel rules of monotonic rules, which we will denote by k : Ln — Rn. They
are necessarily monotonic themselves. Note that, in adhesive categories with
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strict initial object, i.e., with initial object ) where each morphism into @ is an
isomorphism, the trivial common kernel rule idg : ) — @ is a common kernel rule
for any two monotonic rules r; and ro. Such strict initial objects exist, e.g., in
the categories of sets, graphs, and triple graphs.

The next definition determines the semantics of the application of a rule.

Definition 2 (Transformation).

1
In an adhesive category C, given a rule p = (L < r

l
- >

K < R), an object G, and a monomorphism m :
L — G, called match, a (direct) transformation m[ [ [”
G =pm H from G to H via p at match m is given Ge——oD— - §

by the diagram to the right where both squares are
pushouts.

A rule p is called applicable at match m if the first pushout square above
exists, i.e., if mol has a pushout complement. When applying a rule p to an
object G, the arising object D is called the context object of the transformation.

4 Construction Process

In this section, we formalize the construction of short-cut rules. As explained in
Sect. 2, a short-cut rule is a composition of a monotonic rule ro with the inverse
rule 7 1 of a monotonic rule r;. The composition is done in such a way that
the short-cut rule may preserve certain elements which an inverse application
of 1 would delete and an application of ro would recreate. The extent to which
preservation of elements takes place is flexible, depending on a chosen common
kernel rule of the two rules. In the following, we first present the construction of a
short-cut rule given a common kernel rule. Afterwards, we prove the correctness
of the construction and discuss its merits.

We use common kernel rules to construct short-cut rules. Given a common
kernel rule k of monotonic rules ry and rs, their short-cut rule r;° ! X o arises by
gluing 7 and 75 along k. The LHS of k contains the information how to glue 77!
and 79 to receive the LHS L and the RHS R of the short-cut rule 7‘1_1 X T2. Le.,
ry L), 79 is constructed in such a way, that a match for it consists of matches for
71 ! and ry which intersect in the LHS of k. The RHS of k contains the information
how to construct the interface K of the short-cut rule 7' x4 9. In case of (triple)
graphs, elements of R \ Ln are included in K, i.e., Rn \ Ln specifies exactly
those elements that would have been deleted by i 1 and recreated by ry. Hence,
they are to be preserved when applying the short-cut rule.

Definition 3 (Short-cut rule). In an adhesive category C, given two mono-
tonic rules r; : L; — R;, i = 1,2, and a common kernel rule k : Ln — Rn for

l
them, the short-cut rule 77 Xy 1o := (L <= K <5 R) is computed by executing
the following steps:

1. The union Ly of L1 and Ly along Ln is computed as pushout (2) in Fig. 5.



8 L. Fritsche et al.

2. The LHS L of the short-cut rule r7 ' %}, o is constructed as pushout (3a) in
Fig. 5.

3. The RHS R of the short-cut rule r7* %y, 7o is constructed as pushout (3b) in
Fig. 5.

4. The interface K of the short-cut rule r7 ' %y ro is constructed as pushout (4)
in Fig. 6.

5. Morphismsl: K — L and r : K — R are obtained by the universal property
of K.

Rn
I
" (la) La o (1) N\ g, D e,
uL/ NL/L2 / \
Laz---(2)---3 Lu
i () Lo L

Ry —— I 2) Ly ——— Ry uLy> ., L,
. . . . k ZLy
JRq Jj (3a) ]Ll\, /Lz (30) [JRQ (4)
L > Ly © R ¢
1 N T3 Bn ZRA

Fig. 5. Construction of LHS and RHS of short-cut Fig. 6. Construction of inter-
rulerf1 Xk T2 faceKofrf1 Xk T2

Ezample 4. We illustrate the construction of short-cut rules with a detailed ex-
ample. First, CreateRoot-Rule is a (non-trivial) common kernel rule for CreateSub-
Rule and itself, as depicted in Fig. 7. Here, and in the following figures, morphisms
are indicated by the names of the nodes; the mapping of edges follows unambigu-
ously. Hence, CreateRoot-Rule is embedded into itself via the identity morphism
and its RHS is mapped to nodes p of type Package and £ of type Folder in the
RHS of CreateSub-Rule; the morphism between the LHSs is the unique empty
map.

Next, computation of L, and the LHS and RHS of the short-cut rule is
done by computing the three pushouts as depicted in Fig. 8. It is a concrete
instantiation of the lower part of the diagram depicted in Fig. 5. The two pushouts
to the left and in the middle are pushouts along the empty triple graph, i.e., the
respective objects are just copied next to each other. The pushout to the right is
a pushout along an isomorphism, hence the resulting morphism to the very right
is an isomorphism as well.

Lastly, the interface of the short-cut rule is calculated as pushout as depicted
in Fig. 9. It is a concrete instantiation of the diagram depicted in Fig. 6. As
pushout along the empty triple graph, again, the resulting triple graph consists of
copies of the two triples at the lower left and the upper right. The monomorphisms
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ol SN s supP : supF :
Package Folder
supP : supF :
Package Folder
............ p: f: ) T
Package Folder Package Folder £ doc:
Package C Folder H Doc-File

Fig. 7. CreateRoot-Rule as common kernel rule for CreateSub-Rule and itself

—

supP : supF :
Package Folder

p: f: doc:
Package Folder Doc-File

p: f:
Package Folder
supP : supF : - F supP : . SupF :

Package Folder SupP: supr : R Package Folder
e[ O s | — [ fO{ :

p: f: p: f: doc:

Package Folder Package Folder Doc-File

Fig. 8. Construction of LHS and RHS of a short-cut rule for CreateRoot-Rule and
CreateSub-Rule

/®
AN

from the interface into the LHS and RHS computed above, are, again, indicated
by the names of the nodes. Thus, the resulting short-cut rule is Root-To-Sub-
Short-Cut-Rule as displayed in Fig. 3 or in the upper part of Fig. 12.

@ ko
—_—
Package

< )
P: : O 5 F:
lecpkage Iicl)JIiner
< >

supF :
Folder

p: 2 O 5 f:
Package Folder

f:
Folder

p:
Package

Fig. 9. Construction of the interface of a short-cut rule

The following lemma ensures that short-cut rules are rules in the sense of
Definition 1, i.e., that the morphisms from the interface to the LHS and RHS are
monomorphisms. (Such rules are also called linear rules.)

Lemma 5 (Linearity of short-cut rule). In an adhesive category C, given two
monotonic rules r; : Ly — R;, 1 = 1,2, and a common kernel rule k : Lo <— Rn
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for them, the induced morphisms | : K — L and r : K — R in the short-cut rule
r ! &g o are monomorphisms.

The next definition relates common kernel rules for rules 1, o with sequences
of applications of r{ L and 7.

Definition 6 (Compatibility).

Given a sequence G :>T1—17m1 G =r,m, G2

Ln
of rule applications, where rules r1 and ro UL/ NLLQ
are monotonic, and a common kernel rule . ,

k: Lo < Rn for these rules, then k is called Ry ——— L1 (5) Ly —— R,
compatible with the application sequence if
the resulting square (5) in the diagram to ' ' : ’

the right is a pullback. Gy > G Gy

Compeatibility as defined above ensures the existence of a unique morphism
h: Ly < G such that ny = ho jr, and mg = ho ji, (compare pushout square
(2) in Fig. 5). Moreover, in adhesive categories h is a monomorphism. Note
that, given a sequence of rule applications, a compatible common kernel rule can
always be obtained by computing L and the corresponding embeddings into
Ly, Ly as pullback and setting Rn = Ln (with the embedding being the identity).

The following Short-cut Theorem is our main result. Its synthesis part states
that an inverse application of a monotonic rule followed by an application of a
monotonic rule may indeed be replaced by an application of a short-cut rule. Its
analysis part states that the application of a short-cut rule may be split into the
reverse application of a monotonic rule followed by the application of a second
one if the reverse application of the first rule is possible at all. Its proof makes use
of a technical lemma, stating the equivalence of the existence of certain pushout
complements, whose statement we postpone towards the end of this section. If
analysis is possible then synthesis and analysis are inverse to each other.

Theorem 7 (Short-cut Theorem). In an adhesive category C, let r; : L; —
R;, i = 1,2, be two monotonic rules, k : Ln — Rn a common kernel rule for
them, and rfl X ro the corresponding short-cut rule. Then the following holds:

1. Synthesis: For each transformation sequence Gy =0l my G =1, m, G2
compatible with k there exists a direct transformation Gy :>T; Goy
with context object G’ and a monomorphism g : G — G’, s.t. m} o jr, = my.

2. Conditional Analysis: Given a direct transformation G = g m, Go

1 ’
XgT2,m;

with context object G' such that a pushout complement for myory : L1 — Gy
exists, where m1 = m} o jr,, then there exists a transformation sequence
G1 =l G =r,.m, G2 compatible with k. Moreover, a monomorphism
g: G — G exists.

3. Correspondence: In those cases, where the pushout complement necessary
for the analysis construction exists, the synthesis and analysis constructions

are inverse to each other (up to isomorphism,).
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Proof. 1. Let a transformation G4 =, G =1, m, G2 be given. The outer

;MM
square in Fig. 10 is the pushout given by the application of 1 ! with match m4
and (3a) is the pushout used to define L. Since the transformation sequence
is compatible with k, a unique monomorphism A : L, < G with ny = hojr,
exists. Since (3a) is a pushout, m] : L < G exists. It is a monomorphism
since G — G1 and my : Ry < G are monomorphisms (Fact 17, Item 4). By
pushout decomposition, the resulting square (6) + (7a) is a pushout. Define
(6) again by taking the pushout. Like above, the resulting map G’ < G is a
monomorphism and square (7a) is a pushout by pushout decomposition. Thus,
rule ri L 79 is applicable at Gy with match m} and G’ is the context object
of the resulting transformation. Moreover, G embeds into G’ by g : G — G'.
Comparing Fig. 11, an analogous argument shows that G5 is the pushout
of r: K — R and n} : K — G'. Altogether, the resulting transformation,
applying r; ' xj ro at match m/, consists of (7a) and (7b).

2. Let a direct transformation G| = .- , Go w1th context object G’ be

given. Defining m; = m/ o jg, gives a match for 7'1 in GG;. By assumption,
the rule ri 1'is applicable at that match, i.e., a pushout complement for
mq ory : L1 < G exists (compare again Fig. 10). Lemma 9 states that the
existence of such a pushout complement is equivalent to the existence of
a pushout complement for nf o z1, : Ly < G’ (with arising objects being
isomorphic). Therefore, application of r{ 1 at match my results in an object
G with morphism ¢ : G — G’ to the context object of the transformation
G = - Vo ra,m!, G4. The morphism g is a monomorphism, since pushout (6)
is a pushout along the monomorphism zp, .
Define mg := h o jr, : Ly < G as match for ro in G (compare again Fig. 11).
Then, since (3b), (6), and (7b) are pushouts, the outer square is also a pushout,
and hence G4 is the result of applying ro with match ms at G. Moreover, by
definition of mq, the resulting transformation sequence is compatible to k.
3. If the analysis construction is possible, the synthesis and analysis constructions
are inverse to each other because pushout complements along monomorphisms

D(k’l‘g my

and pushouts are unique (up to isomorphism) in adhesive categories. a
Lic - R Ly ¢ = Rs
o W e ]
Lo—" ket o |m Ly ¢ " SR |ne
st ey
G ¢ G — G G¢ G — G2

Fig.10. Synthesis and Analysis: formation Fig.11. Synthesis and Analysis: result of
of context object G’ rule application
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The following lemma states that, generally, the monomorphism g : G — G,
arising in both the synthesis and the analysis construction above, is not an
isomorphism. Thus, in case of (triple) graphs, applying a short-cut rule instead
of the original rules actually preserves elements, namely the elements of G’ \ G.

Lemma 8 (Preservation). In an adhesive category C, let r; : Ly — R;, i =
1,2, be two monotonic rules and k : Lo — Rn a common kernel rule for them. Let
g: G = G’ be a monomorphism arising by synthesis of a transformation sequence
Gy :>r1717 ) G =1,.m, G2 or by analysis of a transformation G4 jT’fllxk-T%m/l Goy
(compare Theorem 7, especially Figs. 10 and 11). Then g is an isomorphism iff k
18.

m

Before concluding this section with a discussion of the value of short-cut rules,
we state the lemma used in the proof of Theorem 7. A proof for it is given in
Appendix C where additionally the notion of initial pushouts [2], on which the
proof depends, is recalled.

Lemma 9 (Characterization of PO-complements). In any adhesive cate-
gory with initial pushouts, given a commutative diagram like Fig. 10 where (3a)
and (7a) are pushouts, a pushout complement object G for my ory : L1 < Gy is
a pushout complement object for n} o zp : Ly < G’ and vice versa. Particularly,
a pushout complement for my ory : L1 — Gy exists iff a pushout complement for
njozr, : Ly — G’ exists.

Benefits and Limitations of Short-Cut Rules. We motivated the use of short-cut
rules twofold. (1) That the application of short-cut rules generally preserves
elements instead of deleting and recreating them, as stated in Lemma 8. (2) That
the application of a short-cut rule may actually amount to a ‘short-cut’ which
is due to the asymmetry of synthesis and analysis in the Short-Cut Theorem.
Applications of the short-cut rules Sub-To-Root-Short-Cut-Rule and Root-To-Sub-
Short-Cut-Rule (Fig. 3) with the obvious matches transform between the two
consistent triples depicted in Fig. 2. But in either case, dangling edges prevent the
analysis of the short-cut rule’s application into a sequence of two rule applications.
Thus, the subsequent applications of rules in the upper transformation chain in
Fig. 4 would need to be revoked first, before a reverse application of the respective
second rule application is possible in the first place.

However, not every application of a short-cut rule, that may not be analyzed,
is a ‘short-cut’. For example, applying the short-cut rule Root- To-Sub-Short-Cut-
Rule to the left instance in Fig. 2, but with nodes rootP and subP of type Package
and rootF and subF of type Folder as match instead, creates additional container
edges for nodes subP and subF and a second Doc-F'le inside of node subF. This
instance is not an element of the language defined by the original TGG (Fig. 1).
This stems from the fact that the short-cut rule Root-To-Sub-Short-Cut-Rule
revokes an application of the rule CreateRoot, while the elements chosen to be
revoked by the match have actually been created using the rule CreateSub.

A first possible strategy to resolve that issue is the development of application
conditions [4] for short-cut rules ensuring that a short-cut rule is only applicable
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at matches on which it revokes the proper rule. For example, the short-cut rule
Root-To-Sub-Short-Cut-Rule could be equipped with an application condition
forbidding the existence of incoming edges to nodes p and f, respectively. Another
possible strategy is the use of marked TGGs and trace information [6] to the
same end, i.e., to only allow those matches for a short-cut rule where the rule
that was actually used to create the structure is revoked. We plan to further
elaborate and compare between both strategies as future work. Our aim is to
arrive at short-cut rules whose application does not divert from the language
defined by the HLR system from which the short-cut rules were derived.

5 Related Work: Comparison to Other Formalisms of
Rule Composition

In the literature, there exist several formalisms for composition of rules, most
importantly parallel, concurrent, and amalgamated rules [1,2,3]. We relate our
construction of short-cut rules to these other formalisms. A common difference to
short-cut rules is that the parallel, concurrent, and amalgamated rule construc-
tions are defined for general rules, whereas our construction of short-cut rules
is restricted to the case of monotonic rules for now. Therefore, in this section,
we first recall the relevant constructions generally and then relate these to our
construction of short-cut rules in the special case of monotonic rules.

The parallel rule of two rules combines their respective actions into one rule.
Two independent direct transformations arising by applications of these rules
may alternatively be replaced by an application of their parallel rule [2].

Definition 10 (Parallel rule). Given an adhesive category C with binary

li r; .
coproducts, the parallel rule p; + pa of two rules p; = (L; <= K; — R;), 1 =1,2,

11+l ri+7r
is defined by p1+p2 = (L1 + Lo P K+ K, SARILN Ry + Rs), where + denotes

the coproduct or the induced morphism, respectively.

In categories with strict initial object (explained in Sect. 3) short-cut rules along
the trivial common kernel rule are the same as parallel rules. This is, e.g., the
case in the category of (triple) graphs, where the empty (triple) graph is the
(only) strict initial object.

Proposition 11 (Relation to parallel rule). Let two monotonic rules r; :
L; — R;,i=1,2, in an adhesive category C with strict initial object O be given.
Then, for the trivial common kernel rule idy : 0 — 0, the short-cut and the
parallel rule coincide, i.e., 7"1_1 +7ry = 1"1_1 Xidy T2-

Like the parallel rule, a so-called E-concurrent rule combines the action of two
rule applications into the application of one rule. But here, the rule applications
may be sequentially dependent [2]. An E-dependency relation encodes this
possible dependency. The definition of F-dependency relations and E-concurrent
rules assumes a given class £ of pairs of morphisms with the same codomain.
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Definition 12 (E-dependency relation and E-concurrent rule). Given
two rules p; = (L; & K; %5 Ry), i = 1,2, an object E with morphisms e, :
R, — E and e : Ly — FE is an E-dependency relation for p; and po if
(e1,e2) € € and the pushout complements (8a) and (8a) over K; % Ry =% F

and Ko l—2> Ly 2 E as depicted below exist.

Given an E-dependency relation (e1,eq) € & for rules p1,pa, the E-concurrent
roks

rule py xg pa is defined by p1 *xg p2 := (L Ly GRLEN R) as shown below, where
(9a) and (9b) are pushouts and (10) is a pullback.

Iy l2 T2

Ly K Ko Ry

1 - Ry Lo
[ I BN ORI CO N
L——Cy E Cy —— R
xﬂo) /
K

The amalgamated rule combines the actions of two, maybe parallel dependent,
rule applications into one rule [1,3].

Definition 13 (Amalgamated rule).

l
Given a common subrule p = (L + K < I L Ko" R
l; Ty .

R) of rules p; = (L; +> K; — R;), i = / Fll S F“ .
1,2, the amalgamated rule p1 ®p p2 = L l > K« l R,

v ’ r r r
(L' <= K' <5 R') is constructed by taking | R N P N
the three pushouts depicted to the right, ) 2, LD 2 L 2
where morphisms ', 7' are given by the i, ':7 5 I}’ P R }i/ ‘
universal property of pushout object K'. v r

We now relate short-cut rules to E-concurrent and amalgamated rules of
rules, where the first rule only deletes and the second rule only creates. Further,
we take £ to be the class of pairs of morphisms which are jointly epimorphic
and where both morphisms are monomorphisms, i.e., the following statements
for concurrent rules hold under that assumption. To begin, both concurrent and
amalgamated rules “degenerate” in that setting. They are merely constructed as
sums over constant rules.

Lemma 14 (Degeneration). Let two monotonic rules r; : L; < R;, i = 1,2,
in an adhesive category C be given. Then the classes of E-concurrent rules and
amalgamated rules for r{ Y and ry coincide. In particular, they both coincide with
C = {’I“l_l Bpre|p= (X1 Sx B X5), x1,x9 isomorphisms, and p common
subrule of 7'1,7"2}, i.e., the class of rules amalgamated along a common constant
subrule of 7' and ry.
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As a consequence of the above lemma, in our context every FE-concurrent
or amalgamated rule can be constructed as a short-cut rule. On the contrary,
concrete examples show that short-cut rules exist which cannot be constructed
as F-concurrent or amalgamated rule (and hence neither as parallel rule).

Proposition 15 (Subsumption). Let two monotonic rules r; : Ly < R;, i =
1,2, in an adhesive category C be given. Then every E-concurrent or amalgamated
rule for rfl and Ty coincides with a short-cut rule for them, but generally not the
other way around, i.e., generally the class C of E-concurrent and amalgamated
rules for ri* and vy (Lemma 14) is properly contained in the class C' = {ry* x;,
ro|k : Ln < Rn is a common kernel rule for r1,r2} of short-cut rules for 7"1_1
and ro.

Idea of Proof. To show the containment relationship, it suffices to check that
it DBpro =17 T pT2 for a common constant subrule p of r; !and 7 (in particular,
p is a common kernel rule for 1 and 7).

As stated in Example 4, Root-To-Sub-Short-Cut-Rule is the short-cut rule
for the inverse rule of CreateRoot-Rule and CreateSub-Rule along CreateRoot-
Rule as common kernel rule. Their parallel rule and the only possibility for an
amalgamated or F-concurrent rule is the second rule depicted in Fig. 12, which
differs from the short-cut rule in its interface graph. O

supP : supF :

Folder

supP : supF :

Folder

supP : supF :

Folder

Root-To-Sub-

Short-Cut-Rule:

Parallel Rule:

E-Concurrent Rule:
Amalgamted Rule:

Package

Package

Package

Package

Folder

Package

Folder

9

Package

Folder |_)|

d:
Do

C
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o
o do
FO%

supF :
Folder
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Package

Lo
od
Lo

supF :
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supP :
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07
O
07
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Package

Folder

é

9

Package : Folder |_)| Doc

Fig.12. Relating short-cut rule to other formalisms of rule composition

6 Conclusion

In this paper, we formally introduced short-cut rules for monotonic rules in ad-
hesive HLR systems, a novel kind of rule composition. We proved that short-cut
rules preserve information instead of deleting elements and recreating them again,
when revoking a transformation and applying another one instead. Addition-
ally, we gave examples using a TGG where applying short-cut rules spares us
rolling back whole chains of transformations, thus providing ‘short-cuts’ when
revising those. Moreover, we proved short-cut rules to differ from the already
established formalizations for composition of rules, i.e., the parallel, concurrent,
and amalgamated rules.
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Besides developing language-preserving short-cut rules (as already discussed
at the end of Sect. 4), we plan to develop a construction of short-cut rules
for general rules, also, and advance the theory of short-cut rules by respecting
possible application conditions of the involved rules. On the practical side, we
plan to operationalize short-cut rules stemming from TGGs to enhance model
synchronization.

Acknowledgments This work was partially funded by the German Research
Foundation (DFQG), project “Triple Graph Grammars (TGG) 2.0”.
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Short-Cut Rules 17
A Adhesive Categories

In this section, we recall adhesive categories and those of their properties that we
make use of in the proofs presented in Appendices B and C. Adhesive categories
can be understood as categories where pushouts along monomorphisms behave
like pushouts along injective maps in the category of sets. The definition of an
adhesive category uses the notion of van Kampen squares.

Definition 16 (Van Kampen square and adhesive category). A pushout
diagram as depicted in Fig. 13 is a van Kampen square if for every commutative
cube over it (like depicted in Fig. 14) where the backfaces are pullbacks, the front
faces are pullbacks iff the top face is a pushout.

A—"5p .
fl Jg ¢ \
n
C —0 D
Fig.13. A pushout square Fig. 14. Commutative cube over pushout square

A category C is called adhesive if

1. C has pushouts along monomorphisms (i.e., pushouts whenever at least one
of the two morphisms f or m in Fig. 13 is a monomorphism),
2. C has pullbacks, and

3. pushouts along monomorphisms are van Kampen squares.

Important examples of adhesive categories include the categories of sets, of
(typed) graphs, and of (typed) triple graphs [5,2]. We will use the following
properties of adhesive categories frequently:

Fact 17 (Properties of adhesive categories). If C is an adhesive category,
the following properties hold [5]:

1. Monomarphisms. are stable under .push.out, i.e., when- A-". B
ever m (or f) is a monomorphism in the pushout
diagram to the right, n (or g) is a monomorphism. fl Jg

M houts al hi. l1-
oreover, pushouts along monomorphisms are pu pa D
backs. n

2. If f is a monomorphism (compare the diagram above), pushout complements
forno f are unique (up to isomorphism,).
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3. The category C is balanced, i.e., each morphism which is a mono- and an
epimorphism is already an isomorphism.

4. The subobjects of an object in an adhesive category form a distributive lattice.
Given two subobjects a,b : A, B — C of an object C in category C, their
meet AN B is given by taking the pullback of a and b and their join AU B by
taking the pushout of their meet. Particularly, the join AU B is a subobject
of C.

While every pushout along a monomorphism is a pullback in an adhesive
category, not every pullback along a monomorphism is a pushout again. The
following Corollary characterizes a special situation where a pullback already is
a pushout.

Corollary 18 (Pullbacks as pushouts). In any adhesive category C, let
(e1,e2) : L1, Lo < E be a pair of jointly epimorphic morphisms such that both of
them are monomorphisms. Then E is (isomorphic to) the pushout of the pullback

of (e1,e2).

Proof. Given the diagram below, where P arises as pullback of ej, ez, @ as
pushout of p1,p2, and the morphism A from the universal property of @), we
show that h is an isomorphism. Since adhesive categories are balanced (Fact 17,
Item 3), it suffices to show that A is a monomorphism and an epimorphism.

/\\m

Q RSN

\/v

Since eq, e are monomorphisms, the morphism A is a monomorphism (Fact 17,
Item 4). Given two morphisms f,g: E — X with foh = go h, it follows that

foh=goh= fohoq=gohog
= foer=goe

and analogously foes = goes. Since eq, eg are jointly epimorphic, it follows that
f =g. Thus, h is an epimorphism. ad

B Detailed Proofs

This section contains the proofs that where omitted in the presentation of
the paper except for the proof of Lemma 9 which is presented separately in
Appendix C. We mainly just repeat the statements to be proven and give the
proofs subsequently. We follow the order in which the statements occur in the

paper.
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Lemma 5 (Linearity of short-cut rule). In an adhesive category C, given two
monotonic rules r; : Ly — R;, i = 1,2, and a common kernel rule k : Lo — Rn
for them, the induced morphisms | : K — L and r : K — R in the short-cut rule
ri ! X, o are monomorphisms.

Proof. For the following proof compare Fig. 15 where the outer square corresponds
to pushout (1b)+(3b) in Fig. 5 and (4) is the pushout from Fig. 6. Since (1b)+(3b)

\//

Fig. 15. Linearity of short-cut rules

is a pushout along a monomorphism, it is also a pullback (Fact 17, Ttem 1),
namely of the two monomorphisms 74 : L, < R and jg, o vg, : Rn < R. Thus,
pushout (4) results as pushout of the pullback (1) + (3). Hence, the unique
morphism 7 : K < R obtained by the universal property of the pushout K is a
monomorphism (see Fact 17, Item 4). Analogously, the morphism [ : K < L is a
monomorphism. a

Lemma 8 (Preservation). In an adhesive category C, let r; : L; < R;, i =
1,2, be two monotonic rules and k : Lo — Rn a common kernel rule for them. Let
g: G — G’ be a monomorphism arising by synthesis of a transformation sequence
G1 =1 G =1, m, G2 or by analysis of a transformation G, =, , Go
(compare Theorem 7, especially Figs. 10 and 11). Then g is an isomorphzsm zﬁk
18.

s X T2,my

Proof. The morphism ¢ stems from first computing pushout (4) along k : Ln <
Rn (compare Fig. 16) and pushout (6) along zr,, : Ly < K, subsequently. Since
pushouts along isomorphisms result in isomorphisms, g is an isomorphism if % is
one. The other way around, pushouts (4) and (6) are pullbacks in an adhesive
category and pullbacks along isomorphisms result in isomorphisms again. Thus,
if g is an isomorphism, first 2, and subsequently k are both isomorphisms,
too. O

Proposition 11 (Relation to parallel rule). Let two monotonic rules r; :
L; = R;, 1= 1,2, in an adhesive category C with strict initial object ) be given.
Then, for the trivial common kernel rule idy : O < (), the short-cut and the
parallel rule coincide, i.e., rfl + 1y = rfl Xidy T2
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ur, , L1 i,

h
L”<(2)“">Lu(—>G
YL2 po Tl
2Ly g
(4) (6)
Rn o K G

Fig. 16. Relation between morphisms k : Ln < Rn and g: G — G’

. _ r1+l2 L1472
Proof. In case of monotonic rules ] Lypy = (Ri+ Ly +—— Ly + Ly ——

L; + Ry), where 1,13 are isomorphisms. Calculating 7 Ly ro, first the pushout
(2) in Definition 3 leads to L, = L1+ L2 and j1,, being the coprojection of L; into
the coproduct, ¢ = 1,2. It is easy to check that pushouts (3a) and (3b) are given
by Ry + Lo and Ly + R, respectively, with morphisms ry +1s : Ly = L1 + Ly —
Ri+ Ly and ly + 19 : Ly = L1 + Ly — L1 + Rs, respectively. Furthermore,
computing pushout (4) leads to K = Ly = Ly + Lo since idy : O < () is the
identity morphism. Thus, rfl Xidy T2 = rfl + ra. O

As was already stated in the main text, the next Lemma and Proposition
assume & to be the class of pairs of morphisms which are jointly epimorphic and
where both morphisms are monomorphisms.

Lemma 14 (Degeneration). Let two monotonic rules r; : Ly < R;, i = 1,2,
in an adhesive category C' be given. Then the classes of E-concurrent rules and
amalgamated rules for rfl and ro coincide. In particular, they both coincide with

C .= {rfl Gpra|p = (X1 & x B Xs), x1,x2 isomorphisms, and p common
subrule of 7’1,7’2}, i.e., the class of rules amalgamated along a common constant
subrule of ri' and ry.

Proof. We show that both the classes of amalgamated and E-concurrent rules
coincide with the class C.

First, by definition every element of C' is an amalgamated rule for r; ! and
ro. For the converse, compare Fig. 17 which depicts an amalgamation along a

subrule p = (L <—l> K< R) of 7’1_1 and ro. Since r1, 7> are monotonic, both [y
and [y are isomorphisms. Hence, [ and r arise as pullbacks of isomorphisms and,
consequently, they both are isomorphisms. Thus, any common subrule p of pfl
and po is of the form p = (X; O x & Xs2) with 1, 22 being isomorphisms.
Consequently, p’ = pfl ®p p2.

Secondly, for a constant subrule p = (X3 &Lox 2 Xs) of 7’1_1 and 79
by definition there exist monomorphisms wy, : X — L; and wy, : X — Lo.
Computing their pushout (depicted as square (11) in Fig. 18), leads to (e1,e2) € &:
as pushouts along a monomorphism they both are monomorphisms and they are
jointly epimorphic, since they are coprojections of a pushout by construction.
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Pt Sk
l
Ry [Tl)Ll( [lLl
[ L2T[QL2TP2[*>R2
7 : ]/ v
L/ )K/( R/

Fig.17. Amalgamation along a subrule of pfl and p2

The pushout (11) coincides with the pushout in the middle of Fig. 17 for p =

(X1 &5 X <5 Xo) = (L LS R). Since Iy and I are isomorphisms, squares
(8a) and (8b) in Fig. 18 can be computed as pushouts (instead of pushout
complements) and K’ is (up to isomorphism) the resulting pushout object.
Pushout (9a) may equivalently be computed as pushout of wy, : X < Lo and
rioly owr, : X < Ry, i.e., as pushout (9a) + (8a) + (11). Because X = X,
(or K = L), this is the same as the left pushout square in Fig. 17, i.e., L' with
morphism I’ : K/ < L’ is a pushout object for (9a). Completely analogous, R’ is
the result of computing pushout (9b). Thus, r;* Dp T2 = kg .
Conversely, let an E-dependency relation (eg,ez2) for ri L and ry be given,
i.e., jointly epimorphic monomorphisms e, es : L1, Ly — K’ for some object K.
Corollary 18 states that the pushout of the pullback of (e1,es) is K’ again. In
particular, (e1,es) are coprojections of a pushout. We denote the pullback of
(e1,e2) with X and the resulting morphisms by wg, : X < L;, i = 1,2 (Fig. 18).
Since [; and Iz are isomorphisms, squares (8a) and (8b) can be computed as

pushouts (instead of pushout complements) Now, computing the missing squares
idx

(9a), (9b) and (10) equals computing r;* @, 72 Where p=(X Jx, X X).
Moreover, p is a constant common subrule of 77! and ry. Thus, 7 *g 1o =
ry ! @, 72 for a constant common subrule p of 7 L and r5 and hence Ty Yegirg € C.

O

U’L/ NULz

1

R1 0 L1 L1 11 Lo <—) L2 (—> Ro
| o0 \ / o o |
L/ b] K/ C b} K/ C R/

14 ldK/ 1dK/ !
\ 10 /

Fig. 18. E-concurrent rule for pl_1 and p2
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Proposition 15 (Subsumption). Let two monotonic rules r; : L; — R;, i =
1,2, in an adhesive category C be given. Then every E-concurrent or amalgamated
rule for rl_l and ro coincides with a short-cut rule for them, but generally not the
other way around, i.e., generally the class C of E-concurrent and amalgamated
rules for rfl and ro (Lemma 14) is properly contained in the class C' := {rfl Xk
ro|k : La < Rn is a common kernel rule for ri,ra} of short-cut rules for rfl
and ra.

Proof. Lemma 14 states that both amalgamated and F-concurrent rules are of
the form 7";1 @) ro for a constant common subrule p = (X, I x5 Xo) of 7";1
and ry. By definition of subrule, z; : X < X; (and analogously z2 : X — X»)
is a common kernel rule for r; and ry. It is easy to calculate that ! g, T2 =
r @,y ra(=r{t Xy, 7). Thus, every E-concurrent or amalgamated rule coincides
with a short-cut rule.

By presenting an example, we prove that not every short-cut rule can be
constructed as parallel, E-concurrent, or amalgamated rule. As stated in Ex-
ample 4, Root-To-Sub-Short-Cut-Rule arises as short-cut rule for the inverse
rule of CreateRoot-Rule (r7') and CreateSub-Rule (1) along CreateRoot-Rule
as common kernel rule. It is depicted again, also showing the interface graph K,
as first rule in Fig. 12. It is immediate that the differing second rule in Fig. 12
is the parallel rule of 7 L and 7. Since the RHS of ry Uis empty, there is (up
to isomorphism) only one possible choice for an E-dependency relation for ri !
and ry: the interface graph K in the second rule in Fig. 12. Computing the
corresponding F-concurrent rule results in the second rule of Fig. 12 again. Since
the LHS and the RHS of Root-To-Sub-Short-Cut-Rule are given as sums of the
respective LHSs and RHSs of 77 and 7y, the only possibility for a common
subrule p such that the LHS and RHS of 7’1_1 @, 72 equal the LHS and RHS of
Root-To-Sub-Short-Cut-Rule is p = (§ += X < ()) for some triple graph X. But
that implies X = (), which results in the parallel rule again. a

C Characterization of Pushout Complements

The aim of this section is to prove the following Lemma:

Lemma 9 (Characterization of PO-complements). In any adhesive cate-
gory with initial pushouts, given a commutative diagram like Fig. 10 where (3a)
and (7a) are pushouts, a pushout complement object G for my ory : L1 < Gy is
a pushout complement object for n} o zr,, : Ly < G’ and vice versa. Particularly,
a pushout complement for my ory : L1 — Gy exists iff a pushout complement for
ny oz, : Ly — G’ exists.

Proving that a pushout complement G for njozy  : Ly — G’ is also a pushout
complement for my ory : Ly < (1 is easy. We first sketch the set-theoretic idea
behind the proof of the other direction: Given a pushout complement G for
the outer square in Fig. 10, since n} is injective, a pushout complement for
njozr, : Ly = G’ does not exist only if nf maps a node z of K without
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adjacent edge and without preimage in Ly, to a node with adjacent edge in G'.
But since (3a) and (7a) are pushouts, node [(x) has a preimage in R; which has
no preimage in L; and is mapped to a node with an adjacent edge in Gy by my
such that the adjacent edge has no preimage in R;. This is a contradiction to
the existence of a pushout complement for mq o ry.

To prove the above Lemma in the more general setting of adhesive categories,
we need to be able to characterize the situations in which a pushout complement
exists in more general terms. This is possible using the notion of initial pushouts
[2]. Therefore, we first introduce initial pushouts and some of their properties
and subsequently use those to lift the above sketched idea to prove Lemma 9 to
the setting of adhesive categories.

In the category of graphs, an initial pushout over a morphism m; : Ry — Gy
consists of a boundary graph B and a context graph C' where B embeds into Ry
and C embeds into G1. The graph B is the “smallest” graph such that a context
graph C can be found so that the gluing of C' and R; along B results in G;.
Therefore, if m; is injective, B consists exactly of those nodes of R; which get
mapped to a node with an adjacent edge in G; that has no preimage under m;.

Definition 25 (Boundary and initial pushout [2]). Given a morphism
m: L — G in an adhesive category C, an initial pushout over m is a pushout (0)
such that b is a monomorphism and (0) factors uniquely through every pushout
(13) over m where b/ is a monomorphism. Le., for every pushout (13) over m
where ' is a monomorphism, there exist unique morphisms b*,c* with b = b’ o b*
and ¢ = ¢ o c*. If (0) is an initial pushout, b is called a boundary over my, B
the boundary object and C' the context object with respect to m.
b

Bl BV . p g
J (0) Jm j (12) J (13) Jm
C——G C——E——G

v

C

Fact 26 (Properties initial pushout). Given an initial pushout over a mor-
phism m : L — G like depicted above, the following holds:

— By decomposition of monomorphisms, b* and c¢* are also monomorphisms.

— The square (12) is a pushout ([5, Lemma 4.7]).

— If m is a monomorphism, every morphism in diagram (12) + (13) is a
monomorphism.

Initial pushouts can be used to characterize matches for which a rule is
applicable.

Fact 27 (Existence and uniqueness of contexts [2]). In an adhesive

1
category with initial pushouts, given a rule p = (L + K < R) and a match
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m : L < G for that rule, the rule p is applicable at match m (i.e., the context
object D for application of the rule exists) iff there exists a morphism b* : B — K
with [ o b* = b where B is the boundary object with respect to m and b is the
boundary over m (compare Fig. 19).

"
B((/E/-L_\Z\%K( "R
o [ ]
Ce—Gi-op

Fig. 19. Initial pushout and context object

Remark 28. Since b is a monomorphism, by decomposition of monomorphisms
the morphism b* in the above Fact is a monomorphism, too.

Initial pushouts over monomorphisms have the following closure property:

Fact 29 (Closure property of initial pushouts [2]). In an adhesive category,
given an initial pushout (0) over a monomorphism m : L — G and a pushout
diagram (14) where a : A — L is a monomorphism, also d : A — A’ is a
monomorphism and B and C are also boundary (resp. context) objects with
respect to d and V' the boundary over d, where ' is the monomorphism induced
by initiality of (0) (compare Fig. 20).

B 1L A

J (O) [m (14) Jd

Ceo G4
~ a _ -

Fig. 20. Closure of initial pushouts

Using the just introduced notions, we are able to prove Lemma 9.

Proof (Proof of Lemma 9). A pushout complement G for square (6) in Fig. 21 is
a pushout complement for the outer square (mj ory) as in the proof of Theorem 7
and pushout complements are unique (up to isomorphism) in adhesive categories.



Short-Cut Rules 25

Now, assume a pushout complement G for the larger right square ((3a) +
(7a) + (6)) in Fig. 21 to exist. According to Fact 27, this is equivalent to the
existence of monomorphism b* : B < Ly such that 1 o b* = b, where (0a) is the
initial pushout over my. Let (0b) denote the initial pushout over monomorphism
m} (with boundary ¥’). Tt is also the initial pushout over n} (with boundary b")
because n} is a monomorphism and Fact 29. To show that a pushout complement
G for n) o zp : Ly — G’ exists, it suffices to show the existence of a morphism
b"* : B" — Ly such that zp, o b"”* =" (again, according to Fact 27). If such an
object G exists, it is also a pushout complement for m; o7 (compare the proof of
Theorem 7) such that G = @ since pushout complements along monomorphisms
are unique in adhesive categories. We show the existence of the morphism o"* in
several steps.

b
(15)
b
B¢ Ry o > Ly
)
(le \
(0a) e — - _ !3\a) Jry Y
//’,,—T b’ “\\\\b”* \\
= 1 RN .
B/ d b/{;\’) K ZLy =3 LU :”1
r |
| 1
!
(0b) my  (7a) o (6) )
mi : ’
~ Q)

Fig. 21. Overview for proof of equivalence of existence of pushout complements

First, compare Fig. 22. Let B’N Ry denote the pullback of ' and jg, . We show
the existence of a monomorphism sg : B’ N Ry < B such that the triangle (16)
commutes. Take the pullback (18) of m} and c¢. Both are monomorphisms and
since ¢ and m} o jg, are jointly epimorphic, also ¢ and m/ are jointly epimorphic.
Thus, Corollary 18 ensures that (18) is also a pushout. Hence, the initial pushout
(17) 4 (18) over m] factors uniquely through (18) and a monomorphism C’ < C
exists. Now, pushout (0a) is also a pullback and its universal property as pullback
guarantees the existence of sp such that (16) commutes. Moreover, sg is a
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monomorphism because of the decomposition property of monomorphisms: As
pullback of monomorphism ¥', sg, is a monomorphism.

SRy

B'N Ry © R1
r < N
. ,
e (16)
spr ‘B iny
/ (Oa) ma
b/
B¢ LD« L
m
(17) ‘ (18) /
ol ok G1

Fig. 22. Existence of monomorphism sp : B'NRi — B

Monomorphism sp can now be used to prove the existence of b""* as depicted
in Fig. 23. First take pullbacks (19a) and (19b) of jr, and ¥ and &' and [ o zp, ,
respectively. The monomorphisms sp: and tg/ are the coprojections of pushout
(20), since Ry U Ly = L. Furthermore,

lozp, 0jr,0b"ospoopnpr, =jr or10b" ospoopng,
=Jr,obosgoopnr,
= JR, ©5R, ©0B'NR,
=b osp oopng,
=1lob" osp oopnr,
=lob"otp oopnrL,
=lozr,otr, o0BnL,
and since lozy,, is a monomorphism jr,, ob*osgoopnr, =tr, 0B nL,- Hence, a
unique morphism b”* : B’ — L with b"*otp =ty and b¥"*osp = j, ob*osp

exists.
With those equation, it is finally possible to compute

lozp, ob otp =lozp, oty
:b/OtB/
:lob//otB, s
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thus 27, 0 b”* otg = b" otps since [ is mono and similarl
U B y

lozp, ob" osp =lozp, ojL,ob*osp

=jgr,oriob osp

=Jr, obosp

= JR, © SRy

= bl O Sspr

=lo b" ospr ,
thus zp, o b"* o spr = b"” 0 sps since [ is mono. Since sp and tp are jointly
epimorphic, it follows that zp o b"”"* =b". O

B'NR; ¢ B' & —= > B'N Ly

sSp/
20
M‘ (20) B/ALy

(BPNRiy)N(B'NLy)

Fig. 23. Existence and properties of b"*
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